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FHEL (Abstract): In this paper we prove that it is sufficient to prove S +5; for Fermat’s last theorem using
the complex hyperbolic functions in the hypercomplex variable theory. More than 200 years ago Euler gave a proof
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In this paper we prove that it is sufficient to prove Si+5; =1 for Fermat’s last theorem using the complex
hyperbolic functions in the hypercomplex variable theory. More than 200 years ago Euler gave a proof of
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Si+5, . Fermat’s last theorem has been proved.
First we discuss the hyperbolic functions

S, =cht, S, =sht

From (1) we get its inverse transformation .
e'=8+S,, e' =8-S, @

From (2) we get
e-e' =85 -8; =1 3)

!
If € =rational, then (3) has infinitely many rational solutions.

Using above method we prove Fermat’s last theorem. From Refs 1 and 2 we introduce the complex hyperbolic
functions of order p:

P-1 -1 s
S, =%[e”‘+22]§] (D)D" cos (8, +(—1) LT 113)”)],
i=1,2,-,P, P=odd, P>1

where @
_ ? g ejﬂ'
A= Z (41,0 B=23 (t+t, ) cos=t 01, (€R
. (5)
P-1 .
0,= ZZ ,. "‘Q)Sin%,j = even,
= e+l - egr .
0,=22 (, +1))"sin =% j=odd .
From (4) we get its inverse transformation™*
A P
e =) S,-
: )
e” cosd; =S, +z ( 'S, cos 2% = e’ "sin @, ZP ! -1)'S,,, sm?,J odd

. (8)
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i+l

e” cos 6, =SI+Z,Z S, cos% e”sing, ==y " s sin 22 2 ~ j=even

NC)
Assume S ¢0, S, ¢0, 5; :”.:S" :0.Fr0m (7)-(9) we get
4 _
e —S1+S2’ (10)
e’ cosf, =S, -8, cosﬂ, e’ sin@, =S, sm] , J =odd
' P ' P . an
e’ cosf. =S +38, cosﬂ, e’ sin@, =-S5, sinﬂ, Jj =even
' P ' P .
From (11) and (12) we get
&P =82 +52-28,5, cosZZ, j=odd
P : (13)
&Y =87 +52+25.5, cosLZ, j=even
P : (14)
From (5) we get
P-1
2 =
A+2) 2 B, =0. i)
From (10), (13), (14) and (15) we may get Fermat’s equations
P=3,exp(A+2B)=(S,+S,)(S’ =SS, +5,)=8+5, =1 16)

P=5,exp(A+2B,+2B,)=(S, +8,)(S’ +S; —2S,S, cos%)(Slz +S; +28,8, cos

_ QS 5 _
=5 +85, =1 (17)

exp(A+2z B) (S+S)H [S2+S2+( 1)/2S,S, cosP]

— QP P_
=8 +87=1. s
Theorem. (18) has no rational solutions for P>3 , except 515, 0
+ + +
Proof 1. Since S, are the functions of @, fo- D8 =1, Z ), we study . Z <) |

P=38 here 1= 0dd prime. From (5), (10), (13), (14) and (15) we get
351
exp(4+2) 2 B)=S"+5"=1 1)
Rt
eXp(A + 2BPl ) = S13 + SZ3 = [exp(zail (t3a + t3Pl—3a ))]3 (20)
Pl —Ja o— a+ E
exp(2) B =) SISO “=[exp(=) 2 (i, +Lip s )]s
Jj#0(mod B) 1)
B-1
exp(4+2. 2 Bi,)=SI+ST =[exp(ty +1,,)]", o
exp(2), B) =S = S/1S, + 831 =[exp(—ty 1)), j #0(mod3); )

27
5)

in (5). Put
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(19), (20) and (22) are the Fermat’s equations. Since Euler gave a proof of (20), (19). Therefore and (22) have no
rational solutions for any odd prime K>3 .
From (22) and (23) we get

1
4exp[-3R(t, +1,,)]-1 | |"
3

1
S, =exp(tp +1,) ) li\/

1
4exp[-3R(t, +1,,)]-1 | |"
3

1
S, =exp(tp +1,) By 1+\/
24)
If S :rational, then S, ~irrational and vice versa. Therefore (19), (20) and (22) have no rational solutions for

any odd prime A .
From (22) and (24) we get

R B _
a'+b" =1, 25)
where
1
1 4exp[-3P(t, +1,,)]-1 ) |"
a=S8,exp(—t, —t,p)=|— li\/ L L
1 1 2 3
1 4exp[-3P(t, +1,,)]-1 )|t
b=58,exp(~t; ~try)| 5 1¢J S
1 1 2 3
(26)
tp+t,, =0 . . A= b= ... .
If 4 2 , they are two trivial solutions. If rational, then irrational and vice versa. Therefore (25)

>3

. . . P
has no rational solutions for any odd prime !

PTTL B, P
Proof 2. Put r=l , where ~ 7 =odd prime. From (5), (10), (13), (14) and (15) we get
P-1
exp(4+2) 2 B)=S+5] =1

: 27)
p-3
exp(4+2B,) = S} +8; =[exp(D. 5 (b +1p 3T
3 , (28)
E
exp(A+2B, +2B,,)=S’+5; = [exp(zzalzo1 (t, +tp T,
5 5 (29)
E
exp(A+2B, +2B,, +2B,,) =8+, =[exp(Q_ 14 (6, +1,5,)],
7 7 7 (30)
P-1 P-F,
exp(4+2). 2 B, )=S"+57 =[exp(D. 2" (1, +1p p NI".
5 B ' '
" (31)

(27)-(31) are the Fermat’s equations. Since Euler gave a proof of (28), therefore (27), (29), (30) and (31) have no

rational solutions for any odd prime E>3,

Example. P=15 from (5) we get
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A= +t,)+ (@, +1)+ (G +1,)+ (8, +1,) + (s + 1)+t +1)+(E, +1y)

2B, = =2(t, + 1, )(1) + 22, +1,;)(2) = 2(8; +1,,)(3) + 2(2, + 4, )(4) = 2(t5 +1,,)(5)
+2(t, +1,)(6) = 2(¢, +t,)(7)

2B, = =2(t; +1,,)(2) + 2(t, +1,;)(4) + 2(2; +1,,)(6) + 2(2, +1;,)(8) + 2(£5 +1,,)(10)
+2(t +1,)(12) +2(¢, + £, )(14)

2B, =-2(t, +1,,)(3) + 2(t, +1,,)(6) = 2(t, +1,,)(9) + 2(¢, +¢,,)(12) = 2(t5 +1,, )(15)
+2(t, +1,)(12) = 2(2, + £, )(21)

2B, =2(t, + 1, )(4) + 2(1, +1,3)(8) + 2(t; +1,,)(A2) + 2(2, +1,,)(16) + 2(¢5 +1,,)(20)
+2(t, +12,)(24) + 2(¢, +1,)(28)

2B =2(t, +1,)(5) + 2(t, +1,,)(10) = 2(t; + 1, (15) + 2(¢, +1,,)(20) = 2(25 +1,,)(25)
+2(t, +1,)(30) = 2(¢, +£,)(35)

2B, =2(t, +1,)(6) +2(t, +1,,)(12) + 2(t, + 1, (18) + 2(¢, +1,,)(24) + 2(t5 +1,,)(30)
+2(t, +1,)(36) +2(t, +1£,)(42)

2B, =2(t, + 1, ) (1) +2(t, +1,,)(14) = 2(t, +1,, )21 + 2(¢, +1,,)(28) = 2(t; + 1,,)(35)
+2(t, +1,)(42) - 2(t, + £, )(49)

(32)
i
(i)=cos—
where 15
From (10), (13), (14), (15) and (32) we get
exp(4+2Y."  B)=S"+S87 =1
j=t , (33)
exp(A+2B,) =8>+ 83 =[exp(ty +1,, + 1, +1,)] 34
exp(A+2B, +2B,) =S, +S; =[exp(t; +1,,)] (39)

(33)-(35) are the Fermat’s equations. Since Euler gave a proof of (34), therefore (33) and (35) have no rational
solutions.

- . S;+8; =1 S+, =1
Remark. In order to prove Fermat’s last theorem, it is sufficient to prove ! 2 and ! 2 . The
former was due to Fermat and the latter was due to Euler. Fermat’s last theorem has been proved. On Oct. 25, 1991
without using any number theory we have proved Fermat last theorem.
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