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Abstract: This paper examines the problems of robust H,, filtering design for linear parameter-varying
discrete-time systems with time-varying state delay. We present parameter-dependent robust H,, filters,
which are derived using appropriately selected Lyapunov-Krasovskii functional. The resulting filters can
be obtained from the solution of convex optimization problems in terms of parameterized linear matrix
inequalities, which can be solved via efficient interior-point algorithms. The admissible filters guarantee a
prescribed H,, noise attenuation level, relating exogenous signals to the estimation error for all possible
parameters that vary in compact sets. A numerical example illustrates the feasibility of the proposed

methodologies. [Nature and Science, 2004,2(2):36-44]
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1 Introduction

Stability analysis and control synthesis problems of
linear parameter-varying (LPV) continuous-time sys-
tems where the state-space matrices depend on time-
varying parameters, whose values are not known a pri-
ori, but can be measured in real time, have received
considerable attention recently [1-6]. In contrast to con-
tinuous-time cases, discrete-time LPV systems [7-9]
received relatively less attention despite their impor-
tance in digital control and signal processing applica-
tions.

On another front of systems control research, time
delay often appears in many control systems either in
the state, the control input, or the measurements. Time-
delay is, in many cases, a source of instability. The sta-
bility issue and the performance of LPV systems with
delay are, therefore, of theoretical and practical impor-
tance. Recently, much attention has been devoted to the
analysis and synthesis problems of LPV time-delay sys-
tems. To mention a few, [5] investigated L,-L, control
problems for LPV systems with parametervarying delay
and [6] proposed delay-independent and delay-
dependent stability conditions for LPV systems with
constant delay. However, it is worth noting that the fil-
ter obtained for LPV time-delay systems are still very
limited, especially for LPV discrete time-delay systems.
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H,, estimation has been widely studied during the
past decades. One of its main advantages is the fact that
it is insensitive to the exact knowledge of the statistics
of the noise signals. This estimation procedure ensures
that the L,-induced gain from the noise signals to the
estimation error will be less than a prescribed level,
where the noise signals are arbitrary energy-bounded
signals. However, less study [8-10] has been done for
the design of H,, filters for LPV systems.

This paper is interested in the H,, filtering problem
for LPV discrete-time systems that include time-varying
state delay. Using parameter-dependent Lyapunov-
Krasovskii functional, we obtained a new H,, perform-
ance criterion that depended on parameter and the mag-
nitude of delay-varying. Then we further modified the
obtained criterion by adopting the idea [4, 11] of de-
coupling between the positive matrices and the system
matrices, which is enabled by the introduction of addi-
tion slack variable to obtain another parameterized lin-
ear matrix inequalities (PLMIs) representation. The
corresponding filter designs are finally cast into convex
optimization problems, which can be solved via the
efficient interior-point algorithms [12]. The obtained
filters design procedure is shown, via a numerical ex-
ample, to be effective.

The notation used throughout the paper is fairly
standard. The superscript “7"” stands for matrix transpo-
sition, R" denotes the n dimensional Euclidean space,
R™" is the set of all m X n real matrices, and the no-
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tation P>0 for P € R™ means that P is symmetric
and positive definite. In addition, in symmetric block
matrices or long matrix expressions, we use * as an
ellipsis for the terms that are introduced by
symmetry and diag{ -4} stands for a block-diagonal
matrix.

2 Problem Formulation

Consider the following LPV discrete-time
state-delayed system presented in state-space form

by:

x(k+1)=A(p(k)x(k)+ A, (p(k))x(k —d(k))+ B(p(k))w(k)

y(k)=C(p(k)x(k)+C,(p(k)x(k —d(k))+ D(p(k))o(k)

z(k) = H(p(k)x(k)+ H,(p(k))x(k —d(k))+ L(p(k))w(k)

where x(k) e R" is the state; y(k)e R™ is the
measured output; z(k) e R” is the signal to be es-
timated; w(k)eR' is the
pk) =(p,(k),..., ps(k)) is a vector of time-
varying parameters which belongs to a compact set

noise  input;

IeR®; d(k)>0 is time-varying delay. It is as-
sumed that there exist two positive constants d,
and dj, such that the following inequality holds

dp<d()<dy, k=0 )

The system matrices A(-) , A4,(:) » B()
C().C,() . DO H() . H, (). L() are known
functions of p(-). For simplicity, p, denotes the time-
varying parameter vector p(k) throughout the paper.

Here we are interested in designing an estimator or full-
order filter described by:

xp (k1) = 4. (p 5, (0) + By (p)y(k) > x,(0)=0 (3)
zp (k) = Cp (P )xp (k) + Dy (0, ) y(k)
Augmenting the model of (1) to include the states

of the filter, we obtain the filtering error system as fol-
lows:

&(k+D)=A(p)&k)+A,(p)KEk~d (k) +B(p)eolk) (4)

e(k) = C(p,)&(k)+C,(p)K&(k—d (k) + D(p, (k)

where

(1)
— A, (py)
I -
(P {Bmk)cd(pk)}
= B(p,)
B . ) — )
(7) {BF(mD(pk)}
6(pk )= [H(pk )— Dy (pk )C(pk) - CF (pk )] >

éd(pk):Hd(pk)_DF(pk)Cd(pk)s

D(p,)=L(p,)-Dp(p,)D(p,). K=[I 0]

and / denotes an identity matrix with an appropri-
ate dimension.

Our objective is to develop a robust A, filter of the
form (3) such that for all admissible parameter trajecto-
ries:

(a) The filtering error system (4) is asymptotically
stable.

(b) The filtering error system (4) guarantees, under
zero-initial condition,

lell, < 7llel, ©)

for all nonzero @ € /,[0,0) and a given positive con-
stant y .

3 Robust H,, Filtering Analysis

In this section, we will derive new H,, performance
criterions for filtering analyses and syntheses of system
(D).

Theorem 1: Consider the system of (1). For a pre-

scribed ¥ > 0, if there exist matrices

&) =" (k)xp(R)) 5 elk) =z(k)—zp(k)  (5)
0 < QT — Q c Rnxn ,
P ){ A(py) 0 } 0< PT(p)= P(p) e R¥
B (pIC(R) A (p)) pImEPE
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that satisfy the following PLMI

~P(p,)+d,K"OK * . £
0 _Q * * *
0 0 I £ |<0 7
P(pk+1)z(pk) P(pk+1)2d(pk) P(Pk+1)B(,0k) _P(pk+1) *
C(p) C,(p) D(p,) 0 -1 |
for all nonzero w € /,[0,00) and parameter trajectory, R S P )
the filtering error system (4) is asymptotically stable Vo= i:/;(r)g (DK QKRS
with an H, noise attenuation level » . Where —dmel k-l
d, =d, —d, +1. Vo= > ETDKTOKE()
j=—dy +2 i=k+j-1
- I;:t:)of-' Construct a Lyapunov-Krasovskii functi- where: P(pk)>(;, 050
Define AV =V (&(k+1))—V(E(k)) , and along
V(EK) =V +V,+V, )] the trajectory of system (4) under the zero disturbance

V, = E"(k)P(p, )E(k) input, we have

AV, =& (B AT (p)P(p.) A(p) — P(p,) | €0+ 28" () AT (0,)P(py.) A, (p)KE( — d (k) )
U= d DKL (9, )PPy ) A, (DK EG—d(R)
AV, - i_deZ;HMfT(i)KTQKé(i) - i_kg(k)§r(i)KTQK§(i)
—ET(OKTOKE(R) ~ &7 (k — d (k)KTOK E(k —d (k) (10)
+ ;) £ ()K" OKE() - Z<> £ ()K" OKE()
where
Z) £ (HKTOKE() = Z EOKTOKE) + Z) £ (KT OKE() ()
ikk;kmf(i)KTQK?(i) > Y SWKIOKEG) (12)
Then )
AV, =ET(KKTQKE(R) - &M (k—d(k)K"OKE(k —d(k)) + ik::im] ET(KTQKE®) (13)

<ETUOKTOKE(R) & (k—d(kNKTOKEh—d(k) + Y & (DK OKE()
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-d, +1 —d,, +1

Z Z §(HKTOKE(R) ~ D,

JE=dy +2i=k+j

k-1

2

AV,

—d, +1

Y [ hKTOKER)~ET (k+j-1K

JE=dy +2

i=k—d ), +1

Therefore, from (9)-(14) we can obtain that

M = AT(pk)P(/_)k-H)A(pk)_P(_pk)+dAKTQK
AdT(pk YP(p)A(p,)

Using the Schur complement [14], LMI (7) im-
plies M < 0 . Then from the Lyapunov-Krasovskii
stability theorem, we can conclude that the filtering
error system (4) is asymptotically stable.

J = i [eT (kye(k) - yzwr(k)a)(k)]

=
(15)
Under zero initial condition, ¥ (£(k))|,_,

=}

e (ek) - 720" o))+ ¥V (EK))|,_

[\/]8 IMS

e
Il
=}

(16)

where
AR)=[E ) Eh-dkDK™ o ()] =[& k)
‘[Z’(poP(pM)Z(pk)—P(p»]

+d K"QK +C" (p,)C(p,)

[ZJ (pk)P(phl)Z(pk)] (

+Ci (PIC(pY)
(Er(pk)P(pkH)Z(pk)
By Schur complement, PLMI (7) guarantees

+D" (p)C(p,)
E <0, therefore J <0 and |e|, < y|l|,- The proof

[1]

is completed.

Remark 1: 1t should be noted that the conditions
presented in Theorem 1 contain product terms between
Lyapunov matrices and system matrices, such that con-
dition (7) is a bilinear matrix inequality when (5) is
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AV =AY, +AV, +AY,
Eby=[&(k) & kh-dt)K' ] =[&(k) ' (k-

ZdT(pk)P(pkH)Zd (po)
0+C;
ET(pk)P(pk+|)Zd(pk)
+D" (p,)C,(p,)

& (k)K" OKE (k)

JE=dy +2 i=k+j-1

TOKE(k+j-1) ]

(14)

(d, —d,)&" (k)K" OKE(k) - Z & (DK OKE (i)

<ET(k)ME(k) , where
dkp]

%

Zdr (PP )Zd (p)-0

Now, to establish the H,, performance for the fil-
tering error system, assume zero-initial condition and
consider the following index

= (0 and we have

L VEW),,

le” (Kye() - 20" (Do (k) + AV (£(k)|= Zﬂ(kM(k)

¥ (k=d(k) o (K]

|
/|

considered.

*

(pk)az (P
B" ()PP, )E(pk)
+D"(p)D(p) -7’1

)

In the following, we will present

an

improved version of Theorem 1 by introducing a slack
variable to decouple these product terms, which is
more easily tractable for handling the filtering prob-
lems.

Theorem 2: Consider the system of (1).
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For a prescribed y >0, if there exist matrices

0<QT=Q€Rnxn,

for all nonzero w € /,[0,00) and parameter trajectory,

the filtering error system (4) is asymptotically stable
with an H,, noise attenuation level ¥ .

Proof: we will prove the theorem by showing the
equivalence between (7) and (17). If (7) holds, (17) is
readily established by choosing W =W" = P(p,,,) -

On the other hand, if (17) holds, we can explore the

—P(p)+d,K"OK  * *
0 -0 *
0 0 -7’1
w'A(p,) w'd,(p) W'B(p,)
C(p) C,(p)  D(p)

Performing congruence transformation to (18) by
diag{l,1,1,W" I} yields (7), and then the proof is
completed.

In the LMI (17), W is additional slack variable,
i.e., we don’t set any restriction on these two matrices.
In such a way, LMI (17) exhibits a kind of decoupling
between the system matrices and the positive matrices
(there is no product between them).

4 Robust H, Filtering Design

In this section, based on Theorem 2, we will de-
velop linear filter of form (3) assuring robust H,, per-
formance for discrete-time state-delayed LPV system

(D).

http://www.sciencepub.net
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0< P (p,)=P(p,)eR"™ , WeR"™", sat
isfying

-P(p)+dK'OK * * * ]
0 -0 * * *
0 0 _7/2 T * * <0 ( 1 7)
WTZ(,O/‘ ) WTZd (Pk) WTB(Pk ) P(pk+1 ) _(W+ WT) *
Cp,) C(p) Dp) 0 I |

facts W' +W — P(p,,,) > 0so that W is a nonsingular

matrix. In addition, we have

(P(pk+1)_W)Tpil(pkn)(P(pkﬂ)_W)20 ’
which imply that

~WI P (oo W S P(pyy)-W' =W

Therefore we can conclude from (17) that

* *
* *
) v <o (18)

0 -1

The following theorem provides sufficient condi-
tions for the existence of delay-dependent H.,, filters.

Theorem 3: Consider the system of (1). For a pre-
scribed >0, an admissible H,, filter of the form (3)

exists for all nonzero w € /,[0,00) and parameter tra-
jectory, if there exist matrices £ € R™", F € R"™",
UeR™, P'(p)=F(p)eR"™,
P (p)=P(p)eR™". P(p) R,
0<Q"=QeR™, 4.(p)eR"",
B.(p)e R"™, C.(p) € R and
D,.(p) € R"" that satisfy the following inequalities

editor@sciencepub.net
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_E(pk )+d,0 * *
_PZT (pk)+dAQ _P3 (plc)+dAQ *
0 0 -0
0 0 0
ETA(pk) + EF (P IC(P) ETA(IOk) + EF (P )C(p)+ ZF (o) ETAd (p)+ EF (P)C,(p)
FTA(pk) FTA(pk) FTAd(pk) .
| H(p)-D,(p)C(p)  H(p)=-Dp(p)C(p)~Crl(p)  H,(p)~Dp(p)C,(p0) (19)
* * * * ]
%k % %k *
* % * *
_72] * * * | <
E'B(p)+Bp(p)D(p,)  B(p)-E-E" * *
FTA(pk) PzT(pk+1)_E_FT_U P3(:0k+1)_F_FT *
L(p,)—Dr(p)D(p,) 0 0 -1
ﬁ *
{_;(pk) _ } >0 (20)
P (py) P(py)
Proof: First let some matrix variables in Theorem 2 be partitioned as
W::[Wn le} Vel :{Vn V12:| @1
VV21 VI/ZZ V21 I/22
Introduce matrices
I 1
0 rn,
Define J, =diag{J,,I,1,J,,1}and introduce the following matrix variables
E=W,, F=V, U=VViW,, 4.(p)=W)A4.(pV,V', Bp(p)=WyB.(p),
Cr(p) = Co(PWVoh's Di(p):=Dy(p)
_ P * P *

P/ (p) Py(p) Pl (p) Py(p)

Then performing congruence transformation to Remark 2: Notice that the PLMI conditions (19)-

(17) by J,, it can be readily established that (19)-(20)
are equivalent to (17).
Therefore, from Theorem 3 we can conclude that

the filter with a state-space realization
(4.(p), B (p), Cr(p), Dp(p)) defined in (23)

(20) correspond to infinite-dimensional convex prob-
lems due to their parametric dependence. Using the
gridding technique and the appropriate basis functions
[3], infinite-dimensional PLMIs can be transformed to
finite-dimensional ones, which can be solved numeri-
cally using convex optimization techniques.Hence, by

guarantees that the filtering error system (4) has an H,, choosing appropriate basis function {f ,.(,0)};11 such
noise attenuation level J . that
http://www.sciencepub.net 4] - editor@sciencepub.net
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ny

= % Z fj(p)Flj *
B(p) = [ B(p) } Bk o (24)

P'(p) PB(p) iﬂ(p)}zi if,(/?)ﬁsj

PLMIs can be approximated.

Remark 3: Theorem 3 casts the full-order robust
H,, filtering problem for system (1) into PLMIs feasi-
bility test, and any feasible solution to (19) and (24)
will yield a suitable filter. If we can find admissible
robust H,, filters for system (1) in the light of PLMIs
(19) and (24) have feasible solutions, then the filter
matrices can be calculated from the definition (23).
However, there seem to be no systematic ways to de-

termine the matrices V,, and V,, needed for the filter
matrices. To deal with such a problem, first of all, let
us denote the filter transfer function from y(k) to

z(k) by

T, =C(p)el=4:(p)) ' B (P +Dp(p)  (25)
Substituting the filter matrices with (23) and

considering the relationship U =V,"V,[W,,

yields

T.,, =Co(p)F V3 (L ~ W, A, (p)F 'V, "W, B, (p) + Dy (p)

Zpy

Therefore, an admissible filter is given by

A (p) = U_TZF(P) > Be(p)= UﬁTEF(P)’ Cr(p)= 5;‘ (p)> Dp(p)= Bp(p)

Remark 4: Note that (19) and (24) are PLMIs not
only over the matrix variables, bust also over the scalar
7*. This implies that the scalar y* can be included as
one of the optimization variables for LMI (19) and (23)
to obtain the minimum noise attenuation level. Then

(26)

the minimum guaranteed cost of robust delay-
dependent H.,, filter can be readily found by solving the
following convex optimization problem:

Minimize ;/2 subject fo (19) and (23)

over E,U, F, 4.(p), B, (p), C.(p). D (p). 7%, B(p)> P,(p), P(p), O 27)

Remark 5: It can be shown that the time-varying delay of LPV system (1) is constant delay for d, =1.

S An Illustrative Example

Consider the following discrete-time LPV system with a state-delay.

[0 03] [0
D= 00 0sp0m [OF

0.1 0.1p,(k)

}x(k—d(k)){ﬂ a(k) (28)

y(k)y=[1 0]x(k)+[0.2 0]x(k —d(k))+a(k)

z(k)=[1 2]x(k)
where p, =sink and p, =cosk are time-varying

parameters satisfying
-1<p, <1, -1< p, <1

http://www.sciencepub.net
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Our objective is to design robust H,, controllers.
First choose appropriate basis functions f,(p)=1,
L(p)=ps fi(p)=p,

Gridding the parameter space uniformly using
9x9 grids. The minimum noise attenuation level ob-
tained by solving convex optimization problem for
different d, =d,, —d, +1 are shown in Table 1.

editor@sciencepub.net
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From Table 1, we can see that the effect of the
delay-varying magnitude on the attainable the mini-
mum

Table 1 The minimum guaranteed cost
for different delay size

d,=d, —d, +1 Minimum Guaranteed Cost y"
1 ()| 0027500609, +0.0055p,
P71 1120014 0.0257,4+0.0011p,

0.0259+0.0841p, —0.0129 p,
BF (,0) = ’

0.9973-0.0180,, +0.0059 p,

1 0.8169
2 1.1667
3 1.4454
4 1.6902

guaranteed cost. The minimum noise attenuation level
7" =1.6902 for d, =4, and the corresponding pa-
rameter-dependent filter matrices are given by

0.2507+0.0087p, +0.0055 p,
-0.0154+0.4710p,-0.0126p,

C,(p)=[1.0042+0.0828p, —0.0016p, 2.0392-0.0030p, —0.0240p,],

D, (p) =-0.0144—0.0685p, +0.1098,

(29)

The minimum noise attenuation level y" =0.8169 for d, =1, and the corresponding parameter-

dependent filter matrices are given by

-0.0221-0.0160,0, +0.0011p,
-0.1962+0.0059, +0.0002,
0.0197 +0.0215, — 0.0030 0,
0.9969-0.0039, +0.0014, }

Ar(p) :[

Bp(p){

0.2878 +0.0083p, +0.0011p,
-0.0187+0.4920p, - 0.0034p, |’

C,(p)=[1.0016+0.0245p, —0.0009p, 2.0125-0.0002p, —0.0056p, |,

D, (p)=-0.0047 - 0.0221p, +0.0277p,

Then we analyze the disturbance attenuation level
of the filtering error system by connecting the two ob-
tained filters to the original system. Figures 1 and 2 pre-
sent the simulation curves of estimating the signal z(k)
by the two filters respectively. Here we assume a(k) to
be

2, 20<k<30
w(k)=3-2, 50<k<60

0, else

€2))

From the figure we can see that o(k) drives zx(k) to
deviate from z(k). However, when a(k) is zero, the de-
viation tends to be zero due to the asymptocally stability
of the filter error system. Now we will further analyze
the H, performance. Fig. 3 and 4 give the changing
curves of the disturbance signal and the filtering error
signal. From (31) and Fig. 3, we obtain that

http://www.sciencepub.net
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(30)

o, =y @ (Ka(k) =9.3808 and
lef, =37 € (k)e(k) =1.5058 , then it can be eas-

ily established that el =0.1605<y" =1.6902 > And
®

2

Fig.4 shows that || = Z:;O e’ (k)e(k) =1.9536 , then

it can be easily established that

e, _ 0.2083 < y" =0.8169, therefore, the H,, filters
w

can guarantee the prescribed noise disturbance attenua-

tion level.

6 Concluding Remarks

editor@sciencepub.net
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turbance and filtering error
delay case)

ime-varying

(T

(Constant delay case)

Figure 3 Dis
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In this paper, robust H,, filters design is proposed

for LPV discrete-time systems with constant and time-
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varying state delay. The filtering problems have been
solved and cast into convex optimization problems in
terms of PLMIs, which can be solved via efficient inte-
rior-point algorithms. A numerical example has shown

the feasibility applicability of the proposed designs.
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