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Journey through Euclid 

Euclid’s 5th Postulate states that lines will always intersect at some point unless they are parallel.  However, this is an axiom, not a theorem.  In other words, Euclid just assumed this to be a geometric truth, without proof.  Many subsequent mathematicians believed this Postulate was independent of the other 4 Postulates; one could prove it as a Theorem using only the other Postulates.  However, nobody was ever able to complete such a proof, and in 1868, the mathematician Beltrami formally proved that the ‘Axiom of Parallels’ was completely independent of the other Postulates.

 

What does this mean?  Apart from Euclid’s Postulate, there is no guarantee that parallel lines cannot meet.  Thus the several varieties of ‘non-Euclidean’ Geometry (where parallel lines can meet) can be entirely consistent. 

Why did mathematicians feel the need to deduce the parallel postulate from the other axioms of geometry? After all, if you are going to start from some axioms, it doesn't much matter how many there are. Nobody seemed to mind that the other axioms were independent of each other. 

Suspicion of the parallel postulate goes back to Euclid, who was the first person to notice (in writing at any rate) that it was needed for some arguments. Whenever he could, he avoided using it, even if that meant producing longer proofs. Did people have some inkling of non-Euclidean geometry, some premonition that the parallel postulate might be false? 

No, they certainly did not. However, they felt uneasy about the parallel postulate because it was more complicated to state than the other axioms, and not quite as obviously true. If you have a line L and a point x not on it and claim that there is a line M through x that does not meet L, then you are making a statement about the whole, infinite line M and are therefore on dodgier ground than you are with the other axioms. It seems strange to have to deduce that the angles of a triangle add to 180 by appealing to what goes on unboundedly far away. 

Incidentally, there were some serious attempts at proofs of the parallel postulate, but they all turned out to depend on hidden assumptions that were themselves equivalent to the parallel postulate (as is obvious if one bears hyperbolic geometry in mind). For example, one proof used the fact that for every triangle there is a similar triangle of any given size - which is false in the hyperbolic plane. 

The development of non-Euclidean geometry caused a profound revolution, not just in mathematics, but in science and philosophy as well. 

The philosophical importance of non-Euclidean geometry was that it greatly clarified the relationship between mathematics, science and observation. Before hyperbolic geometry was discovered, it was thought to be completely obvious that Euclidean geometry correctly described physical space, and attempts were even made, by Kant and others, to show that this was necessarily true. Gauss was one of the first to understand that the truth or otherwise of Euclidean geometry was a matter to be determined by experiment, and he even went so far as to measure the angles of the triangle formed by three mountain peaks to see whether they added to 180. (Because of experimental error, the result was inconclusive.) Our present-day understanding of models of axioms, relative consistency and so on can all be traced back to this development, as can the separation of mathematics from science. 

The scientific importance is that it paved the way for Riemannian geometry, which in turn paved the way for Einstein's General Theory of Relativity. After Gauss, it was still reasonable to think that, although Euclidean geometry was not necessarily true (in the logical sense) it was still empirically true: after all, draw a triangle, cut it up and put the angles together and they will form a straight line. After Einstein, even this belief had to be abandoned, and it is now known that Euclidean geometry is only an approximation to the geometry of actual, physical space. This approximation is pretty good for everyday purposes, but would give bad answers if you happened to be near a black hole, for example.  

Even before Beltrami proved the independence of the Parallel Postulate, mathematicians were still able to work on Projective Geometry.  In the early 17th Century, Kepler suggested the notion of ‘points at infinity’ where parallel lines would intersect; meanwhile Desargues and Pascal began to study Geometry using only intersections.  Once Kepler’s idea was taken seriously, Geometers saw that the Geometry of intersections (incidence relations) could be made into a wholly consistent theory.  As suggested above, if all lines are guaranteed to meet at one point, the study of intersections does not have to make any exceptions (a flaw of Euclidean Geometry).  Finally, in 1871, Klein proved that the entire theory of Projective Geometry is independent of the Parallel Postulate.

Hyperbolic geometry

Two important geometries alternative to Euclidean geometry are elliptic geometry and hyperbolic geometry.. 

These three geometries can be distinguished by the number of lines parallel to a given line passing through a given point. For elliptic geometry, there is no such parallel line; for Euclidean geometry (which may be called parabolic geometry), there is exactly one; and for hyperbolic geometry, there are infinitely many. 

It is not possible to illustrate hyperbolic geometry with correct distances on a flat surface since a flat surface is Euclidean. Poincaré, however, described a useful model of hyperbolic geometry where the "points" in a hyperbolic plane are taken to be points inside a fixed circle (but not the points on the circumference). The "lines" in the hyperbolic plane are the parts of circles orthogonal, that is, at right angles to the fixed circle. And in this model, "angles" in the hyperbolic plane are angles between these arcs, or, more precisely, angles between the tangents to the arcs at the point of intersection. Since "angles" are just angles, this model is called a conformal model. Distances in the hyperbolic plane, however, are not measured by distances along the arcs. There is a more complicated relation between distances so that near the edge of the fixed circle a very short arc models a very long "line." 

	Once this model is accepted, it is easy to see why there are infinitely many "lines" parallel to a given "line" through a given "point." That is just that there are infinitely many circles orthogonal to the fixed circle which don't intersect the given circle orthogonal to the fixed circle but do pass through the given point.
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In the diagram, AB is a "line" in the hyperbolic plane, that is, a circle orthogonal to the circumference of the shaded disk which represents the hyperbolic plane. A "point" C lies in that plane. Two "lines" are shown passing through C, one gets close to the line AB in the direction of A, the other gets close in the direction of B. But these two "lines" don't intersect AB since the arcs representing them only intersect on the circumference of the disk, and points on the circumference don't represent "points" in the hyperbolic plane. 

These two parallel "lines" are called the asymptotic parallels of AB since they approach AB at one end or the other. There are infinitely many parallels between them. (In much of the literature on hyperbolic geometry, the word "parallels" is used for what are called "asymptotic parallels" here, while "nonintersecting lines" is used for what are called "parallels" here.) 

Elliptic geometry

Plane elliptic geometry is closely related to spherical geometry, but it differs in that antipodal points on the sphere are identified. Thus, a "point" in an elliptic plane is a pair of antipodal points on the sphere. A "straight line" in an elliptic plane is an arc of great circle on the sphere. When a "straight line" is extended, its ends eventually meet so that, topologically, it becomes a circle. This is very different from Euclidean geometry since here the ends of a line never meet when extended. 

	The illustration on the right shows the stereographic projection of one hemisphere. Since only one hemisphere is displayed, each "point" is represented by one point except those "points" such as D, E, and F on the blue bounding great circle which appear twice. 

A "triangle" in elliptic geometry, such as ABC, is a spherical triangle (or, more precisely, a pair of antipodal spherical triangles). The internal angle sum of a spherical triangle is always greater than 180°, but less than 540°, whereas in Euclidean geometry, the internal angle sum of a triangle is 180° as shown in Proposition I.32.
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Elliptic geometry satisfies some of the postulates of Euclidean geometry, but not all of them under all interpretations. Usually, Post.1, to draw a straight line from any point to any point, is interpreted to include the uniqueness of that line. But in elliptic geometry a completed "straight line" is topologically a circle so that any pair of points on it divide it into two arcs. Therefore, in elliptic geometry exactly two "straight lines" join any two given "points." 

Also, Post.2, to produce a finite straight line continuously in a straight line, is sometimes interpreted to include the condition that its ends don't meet when extended. Under that interpretation, elliptic geometry fails Postulate 2. 

Elliptic geometry fails Post.5, the parallel postulate, as well, since any two "straight lines" in an elliptic plane meet. That is, any two great circles on the sphere meet at a pair of antipodal points. 

Finally, a completed "straight line" in the elliptic plane does not divide the plane into two parts as infinite straight lines do in the Euclidean plane. A completed "straight line" in the elliptic plane is a great circle on the sphere. Any two "points" not on that "straight line" include two points in the same hemisphere, and they can be joined by an arc that doesn't meet the great circle. Therefore two "points" lie on the same side of the completed "straight line." 

The proof of this particular proposition fails for elliptic geometry, and the statement of the proposition is false for elliptic geometry. In particular, the statement "the angle ECD is greater than the angle ECF" is not true of all triangles in elliptic geometry. The line CF need not be contained in the angle ACD. All the previous propositions do hold in elliptic geometry and some of the later propositions, too, but some need different proofs. 

Another way to describe the differences between these geometries is as follows: consider two lines in a plane that are both perpendicular to a third line. In Euclidean and hyperbolic geometry, the two lines are then parallel. In Euclidean geometry, however, the lines remain at a constant distance, while in hyperbolic geometry they "curve away" from each other, increasing their distance as one moves farther from the point of intersection with the common perpendicular. In elliptic geometry, the lines "curve toward" each other, and eventually intersect; therefore no parallel lines exist in elliptic geometry. 
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Behavior of lines with a common perpendicular in each of the three types of geometry
Construction:

Construct a triangle ABC.On BC, choose two points G and H.Join A and H;Join A and G.On AB,take two points D and E.On AC make a point F.Join E and F contacting AG at J and AH at K.Since points E and F lie on the opposite sides of AG and AH EF can meet AG and AH.Please note that Euclid uses this principle .[ 1,prop.10 ]Similarly join C and D meeting JG at T and KH at L.Small letters denote the sum of the interior angles in triangles and quadrilaterals.Also, let that the sum of the interior angles of triangles and quadrilaterals,

AEF = a, AEK = b, AJF= c, DEFC = d, JTCF = e, DEKL = f,  BCD = g, BHLD = h, CGT = j, 
ABG = k, AHG = l, ACH = t, ADT = u, EBGJ = w, ATL = a’, JGHK = b’, ALC = c’, KFCH = d’

Result

The angles,EJK,JKF,DTL,TLC,BGH,GHC,AED,EDB,AJT,JTG,AKl,KLH and AFC are all straifgt angles and so their measures are all equal to 180 degrees.Let v be the value of this .   (1)

Assuming (1), x + y + z = 2v + a                  (2)

                           v + b = x + y                    (3)

                           y + z = v + c                    (4)

                        4v + d = m + n + p             (5)

                         m + n = 2v + e                  (6)

                         p + n  = 2v + f                   (7)
                       4v + g = q + r + s               (8)

                        q + r = 2v + h                    (9)

                       2v + j = s + r                     (10)

                  x + p + q = 4v + k                  (11)

                       4v + l = y + n + r              (12)

                z + m + s = 3v +t                     (13)

              2v + u = x + p                     (14)

              p + q = 2v + w                    (15)

            2v + a’ = y + n                     (16)

            n + r   = 2v + b’                   (17)

           2v + c’  = z + m                    (18)

            m + s   = v + d’                    (19)

Adding (2) to (19), b + 2z + d + g +j + q + l + u +p + q + a’ + m = a + c + e + f + r + h + 

                                                                                                      K + t + w + y+ b’ + d’
Adding s to both sides,                                                            s  =  s

Putting (3) in (2),                                    v + a = b + z

                                                             2v + c’ = m + z                    (18)

                                                             2v + w = p + q                     (15)

                                                             s + r  = 2v + j                     (10)

Applying (9) in (8),                                 h + s = 2v + g

                                                            2v + f = p + n                      (7)

                                                           4v + k = x + p + q                (11)

                                                           3v + t = z + m + s               (13)

                                                           2v + b’ = n + r                     (17)

                                                            v + d’ = m + s                    (19)

                                                         y + n + r = 4v + l                  (12)

                                                              x + p = 2v + u                 (14)

(14) + (18) gives,                        y + z + m + n = 4v + a’ + c’

Adding the above  fifteen eqns, 3v + y + c’ = p + m +c

                                               m + n + p = 4v +d                         (5)

                                                   z + m  = 2v + c’                         (18)

                                                v + c = y + z                            (4)

Adding the above four relations,  m + n = 2v + d                        (20)

Applying (20) in (5) we get that,    p = 2v                                 (5a)

i.e the sum of the interior angles of quadrilateral DEKL is equal to 360 degrees[ from (1) ]

Dicsussion:
Since we have derived (21) without assuming the parallel postulate. (21) establishes the fifth Euclidean postulate.[ 2 - 7 ] Our construction,i.e figure 1 can be extended to both hyperbolic and elliptic spaces also.Through out this work, we have applied only the fundamental operations of number theory and algebra.So, (21) is consistent.If it is inconsistent, immediately it implies that one plus two is NOT equal to three.This is absurd.Similarly to brand that (21) is incorrect is also absurd.Only God  is the Number One expert.The almighty reveals some message through (21).We have to probe into (21) which will definitely give birth to a new field of science.
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