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Abstract: The idea of difference sequence spaces was introduced by Kizmaz [4]. Recently, Subramanian [12]
studied the difference sequence space ¢,, (A) defined on Orlicz function M. In this paper we introduce new

sequence spaces that we call Musielak-Orlicz difference sequence space and denote it by 7, (A), the difference

paranormed Musielak-Orlicz sequence space ¢, (A, p), where M = (M, ) is a sequence of Orlicz functions, and
study some inclusion relations and completeness of this spaces. [New York Science Journal 2010; 3(8):54-59].
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Introduction

Orlicz [9] used the idea of Orlicz function to

construct the space (LM ). Lindentrauss and Tzafriri

[5] investigated Orlicz sequence spaces in more
detail, and they proved that every Orlicz sequence

space /,, contains a subspace isomorphic
tol,(1<p<oo).

Subsequently different classes of sequence
spaces defined by Parashar and Ghoudhary [10],
Murasaleen et al. [6] Bekates and Altin [1], Tripathy
et al. [13], Rao and Subramanian [2] and many
others. Orlicz sequence spaces are the special cases of
Orlicz spaces studied in Ref [3].

Recall ([3], [9]) an Orlicz function is a
function M : [0, 00) — [0, 90) which is

continuous, non-decreasing and convex
with M (0) =0, M (X) > Oforx >0,
and M (X) —> 00 aS X —» 0,

If convexity of Orlicz function M is replaced
by M (X+Yy) < M (X) + M () then this
function is called modulus function, introduced by

Nakano and further discussed by Ruckle [11] and
Maddox [7].An Orlicz function M is said to
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satisfy A ,—condition for all values of u, if there exists
a constant K>0,such that

M (2u) < KM (u)(u > 0) . The A —condition
is equivalent to M (£U) < K/M (U), for all

values of u and for ¢ >1. Byw, we shall denote the
space of all real or complex sequences. The sets of
natural numbers and real numbers will denote by N=
{1,233, ...}, R respectively.

A linear topological space X over R is said to
be a paranormed space if there is a sub additive

functiong : X —> R such that §(6) =0,

g(—X) = g(X) and for any sequence (X.) in X
such that g(X, —X)———0, and any sequence
(,) in R such that| @, —a|————>0, we get
g(a,x, —ax)——=—0 .

Lindentrauss and Tzafriri [5] used the idea of
Orlicz function to construct Orlicz sequence space

Oy ={Xea)ZZM(wJ<oo,f0r30mep>0}
k=1 P

. The space ¢, with the norm
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P
Banach space which is called an Orlicz sequence

space. For M (t) =t”,1<p <o, the

| x||= Inf{p>0 ZM( X |j<1} becomes a

space /,, coincide with the classical sequence

space £ ,

The idea of difference sequence was first

introduced by Kizmaz [4] write

AX, = X, =Xy, for k=1,23,.., Ato—>w
be the difference defined by AX =(AX,)._;, and
M :[0,00) —[0,20) be an Orlicz function; or a
modulus function.

Let ¢ be the sequence of absolutely convergent
series. Define a sequence space.

L(A) = {X =(X):AXe é}.The sequence
space
(A)‘{XE@ZM(' |j<oo,for somep>0}
k=L P

, with the norm

I x|= Inf{p>0 ZM('AX“ ljsl}

k=1 P

, becomes a Banach space which is called an Orlicz
difference sequence space /,, (A, M), see [12].

Asequence M =(M,) of Orlicz functions

Mkvk €N is called a Musielak- Orlicz function,
for a given Musielak-Orlicz functionM . The

function I, : @ —[0,]; I, (X) =2Mk(xk);
k=1
VX € @ is convex modular.

The Musielak-Orlicz function space £,
generated by M = (M, ) is defined by

{xw zm( j<ooﬂp>0}

and ¢, with the norm
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I x||:inf{p>O:ZMk[stl}isa
k=1

P

Banach space seeing [8].

We define the following new sequence space

Definition: Musielak-Orlicz difference sequence
space /,, (A) is

EM(A)z{Xea):iMk(M]<oo,3p>O}

P
, where M = (M, ) is a sequence of Orlicz

functions. With the norm

I x|= inf{p>o:ZMk[Mjsl}.
k=1

P

IfM, =M vKeN, then’,, (A) reduces to Orlicz
difference sequence Space studied by

Subramanian [12].

Theorem (1): The space /,, (A) , where

M =(M,),_,is a sequence of Orlicz functions is a
Banach space with the norm

I x||:inf{p>0:ZMk(|AX" ljsl}
k=1

yo,
Proof:
Let X" pe any Cauchy sequence in¢,, (A), where
X = (xP) = (x,xP,..) e £, (A) VieN. Let

. &
I, X, > Obe fixed, then for each— >0,
X,

there exist a positive integer N such

Vi,i>N.

O

that[| x® —xP ||<

Using the definition of norm we get
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2M,

k=1

[ AX) — Ax)
I X =xD,

M, [ =AM 3 e
I x© = x|,

JslVi,ij

U

, and Vi, J > N . Hence we can find r>0 with

Mk(r:‘)j>1Vk € N, such that

M, % <M, % | since M, is
X =Xl k
non-decreasing VK €N. This implies that
| AXD —AX) | rxg
” X(I) _X(i) ” - k
e &€ _€
|ax® - ax( |« o Xo Ix® = x| < N e _¢&
k rx, k
Therefore v £(0 < & <1) then3 a positive integer
N such that

| (AP = AX D) 1. + (A — AxD) [«
e I o

=] (AXD = AXD) | 4. (A - AXD) < &

Since
| AXO — AXD < § AXD = AXD [t | X — XD |}
,we get| Ax) — AXV |< e Vi, j>N.

Therefore (AXE”)“’ _, is a Cauchy sequence in R, for

each fixed K . Using the continuity of M, vV K € N,
we can find

AX) —
that Z M (l

Limj
P

Ax(D)
e <1.Thus

N i) _
ZMk[MJsl Vi>N.
Yo,

k=1

Taking infimum of such p's we get
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N (i)
inf{p>0:ZM [u]£1}<e
n=1 P

vi>N,since AX" e/,,(A) and M, is

continuous V K €N then AX € £, (A) . This

completes the proof.

Theorem (2): Let M =(M,) be a Musielak-
modulus  function which satisfies A »-condition,
then £(A) = 4, (A).

Proof: LetX e /(A)= Z|Axk| <N, sinceM, is
k=1

non-decreasing V K e N

=[5 () wo

By A 2 condition, we get X € £, (A) .
Paranormed sequence spaces:

Let p = (p,)be any sequence of positive real

numbers, then in the same way we can also define the
following sequence spaces for a Musielak—Orlicz

function M as / extended to /()

w Px
(A p)= Xea):Z[Mk[lAAD <w0,3p>0
kL

P

Note: If p, =pV K €N, then

Cw (A, p) =Ly (4).

Theorem (3): £, (A, p) is a complete paranormed
space with

S ENEITI
infqpH : Z(Mk[—kn <1
k=1 P

LForl< p, <o Vv keN,

g9 (x) =

H =max{Lsup, P,}.
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Proof: Let X" be
in?,, (A, p), where

any Cauchy sequence

X0 = (%, %y X5 ) € Ly, (A, p) VieN. Let

£
r,X,>0is fixed. Then v —— >0 3Ja positive
rx

0

integer N such that

g (x" —x) < na Vi, ] > N .Using the

definition of paranorm we get

1

- OV ORNL]
z M, M <1,
=i (X(I) _ X(J))

Sincel< p, <o, VK eN. It follows that

(| A — AxD |

(x (j))jﬁl,Vk21andVi,ij.
g (X7 =X

Hence we can find r>0 VK eN with M ( :Oj >1

(i) (1)
such that M, |AX()—AX'(‘| <M, L) :
g (x® —x) k

Since M, is non-decreasing VK eN We get

| Ax(? — AxD |
g (xY —xD) T k
i SN o g ™ & _¢
| AX, O % g( ) K % X

. Therefore for each 0 < & <1then there exist a

positive integer N such that

| (AX® = AXD) ... +(AxD — AxI) |<
| AXD = AXD |+ +] Ax® — Ax) < kE

Since
| (A% = AP < 6" = AXP |+ A6 — XD
we get| AX" — AxD < &, Vk e
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Therefore (AX(”)J _, be a Cauchy sequence in

R, for fixed k. Using the continuity of M, VK €N,
we can find that

1
) . PR
N |AXO —lim AP )|
> IM, <1
k=1 P

(i) i
. z[ [MB a1
k=1 P

Taking infimum of such p ’s we get

1
R 0! R lH
infs pt: Z{ (MH <li<e

k=1 P

I‘H

Vi>N , and j > .

since (x") e ,, (A, p)and M, is continuous

v k eNit follows thatX € £, (A, p) .

Theorem (4): Let 0 < p, <(, <o VK €N, then

ZM(Al p)gEM(A,q).
Proof: Let X € £, (A, p)

:iM{('AXK ﬂ <0, then

k=1

AX
M k(Mj <1 vk eN. For sufficiently large k,
Yo,

since M, is non-decreasing. Hence we get

Z{ [lAXk H SZ{ (IAxk H
Z{ (|Axk H

=xel,(AQ).

Theorem (5):
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(a) LetO<inf, p, < p, <lvk e
Then?,, (A, p) =/, (A)
(b) Letl< p, <sup, p, <o VK eN. Then.

Proof:

(@) Forx e ?,, (A, p), then

Sl <

For sufficiently large k, since

k('Axk |j 1
Yo,
O<inf p, <p, <1lvk eN

~Em() g
:gmk[

(b) For B, >1 vk eNandsup p, <o and

j<oo:Xe£ (A)

xely, (A) WegetZM ( |J<oo:>
yo)

k=1

AX
M {M) <1. For sufficiently large k,
yo,

sincel< p, <sup p, <oovVkeN, we get

n{15) B ()<

:i(Mk[lek q} | <. =>Xely(APp).

k=1 P

Theorem (6): LetO< p, <q, vk eN

and ( G J be bounded,
P«

then/,, (A, Q) < 2,, (A, p).

Proof: ForX € /,, (A, Q) (i.e.)

http://www.sciencepub.net/newyork 58

w Ak
Z MK(MJ < ooand
k=1 P
Ak
&, (18%, Iﬂ d,
t = M and 4, = —.
“ ;{ k( P “ Py

Since p, <, VK eN
therefore0 < 4, <1vKk eN.Take0< A <4,

vk eN. Defineu, =t, (t, >1);

u, =0(t, <l)andv, =0(t, >1),
u, =t (t, <.t =u, +v,. (ie.)

tkj‘“ =ukﬂ“ +Vkﬂk .Now it follows that

u <u, <t.and v,* <v,* (1).

By using equation (1), we

o Ak Ak w o]
k=1 P k=1 P

- gl w2

then?,, (A,q) = £, (A, p).

Theorem (7): Letl< p, <sup, p, <o vk eN.

Then /£,, (A, p) where M =(M,) be a Musielak-
modulus function is a linear set over the set of
complex numbers.

Proof: is easy so omitted.
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