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Abstract: Using Jiang function we prove the fundamental theorem in arithmetic progression of primes. The primes
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long arithmetic progressions, but the primes have no long arithmetic
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Theorem. The fundamental theorem in arithmetic progression of primes.
We define the arithmetic progression of primes [1-3].

})Hl:R+a)gi7i2071727"'7k_1’ &)
a)g = H 1D P

where b=ty is called a common difference, ¢ is called 8 _th prime.

We have Jiang function [1-3]
=II(P-1-X(P

J5(@) = I (P)). o

X(P) denotes the number of solutions for the following congruence

k-1

I1(g + ®,i) = O(mod P),

i=1 (3)

where 4= 12, P-1 )

Plo = =) —
If ‘ ¢  then X(P)= 0; X(P)=k-1 otherwise. From (3) we have

J,(w) = 3slzgpg(P_l)PgE[sP(P_k)' »
If k=P then J2(Pen) = 0, Jr(@)=0

Pg“ then S (@)#0

PP

, there exist finite primes B such that ~ 2’ kK are

P,,--

rimes. If , there exist infinitely many primes Pl such that >*k are primes.
p y yp p

Pg+1 Pg+1

The primes contain only long arithmetic progressions, but the primes have no
arithmetic progressions. We have the best asymptotic formula [1-3]

7zk(N,2):HP1 +,i=prime, 0<i<k-1,h SN}‘

long

J N
AL )
9" (w) log" N (s)
o=I1P,dw)=I1(P-1
where 2<P ¢( ) 2§P( ), @ s called primorial, ¢(a)) Euler function.
Suppose k=P - . From (1) we have
EH:E+a)gi,i=O,l,2,---,ffg+l—2' 03
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From (4) we have [1-2]

= II (P-1) IT (P-P,, +1 o0
Ji@=I1 (P=D) IL (PP, +D) >
g g as D
L . . P Pz"”’PPHfl . P+1
We prove that there exist infinitely many primes ~ ! such that g are primes for all &7 .

From (5) we have

7p,.— (N,2) =

P2 P2
P o\ P (P-P,,, +1) N
2<1P_£P [P lj Pl_[<P = Pg:;g:rll J (1 + 0(1)).
=, P~ (P (log V) ®
. ﬂ’-P -1 (Naz) > 1 P
From (8) we are able to find the smallest solutions "¢ for large ~ ¢*!.
Theorem is foundation for arithmetic progression of primes
Example 1. Suppose BR=2w0,=2P=3 . From (6) we have the twin primes theorem
P, =P +2 9)
From (7) we have
Jy(@)=TI(P-2) > o
(@) 35"’( ) as W >0 (100

We prove that there exist infinitely many primes B such that ¥ are primes. From (8) we have the best
asymptotic formula

1 N
ﬂﬂNﬂ)—;E{LXP_DéhgzNﬂ+0@ﬂ

an
Twin prime theorem is the first theorem in arithmetic progression of primes.
Example 2. Suppose P =3,0,=6F =5 . From (6) we have
P, =P +6i,i=0123. (1)
From (7) we have
Jy(@)=2T1(P-4) > o
2 (@) 551’( ) as @ > X, (13)

We prove that there exist infinitely many primes B such that E , € and P4are primes. From (8) we
have the best asymptotic formula
P*(P-4) N

( ) — (L+o(D)).
N

7,(N,2)=2711
(V-2) <P (P—1)* log

(14
Example 3. SupposeP" =23,y =223092870Q B, =29 . From (6) we have
P, =P +223092870,i=0,1,2,---,27. (15)
From (7) we have
J, (@) =36495360 I1 (P —-28) >
29<P as W —> 0 ( 16)

>

We prove that there exist infinitely many primes B such that Py Py are primes. From (8) we have the
best asymptotic formula
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Ty (N,2)= 11

2<P<23

(PJ HP27(P_28) N (1+o(1)).

P-1) »<r (P-1)* log® N

From (17) we are able to find the smallest solutions 755 (Ny,2) > 1 .
On May 17, 2008, Wroblewski and Raanan Chermoni found the first known case of 25 primes:

6171054912832631+366384x w,, xn

amn

for 7=0 1024,

Theorem can help in finding for 26, 27, 28, ..., primes in arithmetic progressions of primes.
Corollary 1. Arithmetic progression with two prime variables

o, =d
Suppose ¢ . From (1) we have

P,P,=P +d,P,=P +2d,--,P, =P, +(k—-1)d, (P,d)=1.

(18)

From (18) we obtain the arithmetic progression with two prime variables: § and E ,
P, =2P, -P, PjZ(j—l)Pz—(j—Z)Pl, 3Sj£k<Pg+1 (19)
We have Jiang function [3]
Jy(w) = I[(P-1)* - X(P)],

(@) = I[(P-1)* - X(P)] o
X(P) denotes the number of solutions for the following congruence

k
H[(j —Dg, = (j—2)q,] = 0(mod P),
J=3 2D
where 41 = L2,---,P-1;q,=12,---,P—1.
From (21) we have
Ji(@)= TL(P=DTI(P=1)(P—k+1)—> o oo o
We prove that there exist infinitely many primes B and E such that LB are primes for

3<k<P,,

we have the best asymptotic formula

71 (N3 =[{(j=DP, = (j—2)P, =prime,3< j <k, P, P, < N
_Jy(@o"? N?
4@ log'N

(1+o(1)),

(23)
From (23) we have the best asymptotic formula
P2 P (P-k+1) N?
7, (N,3)= 11 — 11 P ) — (1+o(D)).
2<P<k (P_l) k<P (P_l) log N (24)
From (24) we are able to find the smallest solution 1 (No»3) > 1 for large k< Pg“ .
Example 4. Suppose k=3 and Pg“ >3 . From (19) we have

B=2h-h (25)
From (22) we have
Ji(o) =11 (P-1)(P-2) > o

(@ =IP-DP-2 >0 o

We prove that there exist infinitely many primes B and g such that € are primes. From (24) we have
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the best asymptotic formula

2
7T2(N,3)=2H£1 ! j N (1+0(1))—1 32032 N (1+0(1))
AN G 27
Example 5. Suppose k=4 and Pg“ >4.Fr0m (19) we have

h=2h-H P =35 =25 (28
From (22) we have
Jy(0)=211(P-1)(P-3) > o

(@ =2P-DP-Y o o

We prove that there exist infinitely many primes B and E such that € and F, are primes. From (24)
we have the best asymptotic formula

P*(P-3 N2
723(N3)—§5<P P( " ) (+0(l))
(P’ (30)
Example 6. Suppose k=5 and Pg“ >5.Fr0m (19) we have
h=2h-h P =3R-2R  FL=4K-3h (3D
From (22) we have
Jy(@)=2T1(P-1)(P—-4) > x
(@ =2[P-DP-d e .

P,

We prove that there exist infinitely many primes B and E such that € , 4 and & are primes. From
(24) we have the best asymptotic formula

27 P(P 4) N2

N,3) = +o(1
RN = I T e (o) n
Corollary 2. Arithmetic progression with three prime variables
From (18) we obtain the arithmetic progression with three prime variables: .5 and 5
P=P+P~R P =P+(j-3)P,~(j=3R 4<jsk<P. .,
We have Jiang function
J,(0)=T1(P-1)’ = X(P)),
(@) = L(P=1) = X(P)) -
X(P) denotes the number of solutions for the following congruence
k
g(% +(J=3)g, —(j —3)g,) =0(mod P)
J=4 : (36)
here @i = b2 P=1i=123
Example 7. Suppose k=4 and Pg a >4 . From (34) we have
Pi=B+h-F (37)
From (35) and (36) we have
J, (@) =TI(P-1)(P*-3P+3) > o
()= 1F=1 ) as @ —> (38)
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We prove that there exist infinitely many primes B and £ and € such that £, are primes. We have the
best asymptotic formula

1 N?
7,(N,4) = 23@3(1 + T j g’ (1+o(1)).

39
For K25 from (35) and (36) We have Jiang function
Ji@= 1 (P-1y
X (kESP(P ~DI(P-1)> =(P=2)(k-3)] >
as W > X, (400
We prove that there exist infinitely many primes B and g and € such that IR are primes for
5<k<P,,

we have the best asymptotic formula
T2 (NA4) =[{P, +(j =3)P, = (j =3)P, = prime,4 < j <k,R,P,,P, < N
_J (@)oo N’

(1+o(1)).
#' (@) log" N 41
From (41) we have
Ty (N4)
P P[(P-1)? —(P-2)(k-3)] N°
- I (G U )| R
25P<(k-1) (P —1)*7? (k-D=P (P-1)* log" N (42
From (42) we are able to find the smallest solution 12 (Noy,4) > 1 for large k< Fea .
Corollary 3. Arithmetic progression with four prime variables
From (18) we obtain the arithmetic progression with four prime variables: LIRETTE and F,
P.=P,+2P,-3P,+P, P, =P, +(j-3)P,—(j-2)P +P
<7<
Sk <P, (43)
We have Jiang function
Jy(@)=1|(P-1)* - X(P
s(@) =1l -n* -x)] "
X(P) denotes the number of solutions for the following congruence
k
g, +(j=3)q; = (/ =2)q, +¢,]=0 (mod P),
=5 (45
where
g, =1, P-1i=1234
Example 8. Suppose k=5 and Pg“ >3 . From (43) we have
P. =P, +2P, -3P, +P, (46>

From (44) and (45) we have
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Js(w)=12g(P—1)(P3 ~4P* +6P-4) > ©
P,P,

})17 29

We prove there exist infinitely many primes
We have the best asymptotic formula

as a)—)OO

3 and

41

P,

P, .
4 such that ~3 are primes.

J(w)w N*
R !
¢ (@) log (48)
k=6 Ppn >
Example 9. Suppose and ¢ . From (43) we have

P, =P, +2P, —3P, +P, P, =P, +3P,—4P, +P, (49
From (44) and (45) we have
J(@)=10T1(P-1)(P’ =5P* +10P-9) >

() SSP( X ) as WP, (500
We prove there exist infinitely many primes LIRERTE and £, such that & and 1 are primes.

_Jy(@"* N*

We have the best asymptotic formula

Ji(@w)o® N*
e Togt (OO

7,(N,5) =

For K27 from (44) and (45) we have Jiang function

(50

J(w)=6 II (P-1)(P*-3P+3)

5<P<(k-4)
. P{(P—l)“ —(P-1)’[(P-3)(k-4) +1]—(P—1)(2k—9)}—> 0
as @ > X ShH
We prove there exist infinitely many primes LIRERTE and E, such that LERERE are primes.

We have best asymptotic formula

7y (NS) =|{P, +(j =3)P, = (j —2)P, + P, = prime,5< j <k, P,,-+,P, < N}

1+ o(1)).

¢ () log" N

(52)
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