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1 Introduction 

The partial integral equations and integro-
differential equatioans arise in many applied problems 
of mechanics, physics, engineering, and even biology, 
there is a few systematic treatise of threir theory, 
methods, and applications so far. Recently, many 
different basic functions have been used to estimate the 
solution of integral equations, such as orthogonal 

functions and wavelets. Haar wavelets are the simplest 
orthogonal wavelet with compact support, and they 
have been used in different numerical approximation 
problems[3,4]. 

We consider a systems of the partial mixed 
Volterra-Fredholm integro-differential equations of the 
form. 
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Where �� and �� are the ordinary differential operators, with ��� ∈ �� respectively of the forms 

 

�� =  

⎝

⎜
⎛

��
���  ��

��� 
 ⋯  ��

���

��
���  ��

���  ⋯  ��
���

⋮         ⋮        ⋱       ⋮
��

���  ��
��� 

⋯  ��
���

⎠

⎟
⎞

      �� =  

⎝

⎜
⎛

��
���  ��

��� 
 ⋯  ��

���

��
���   ��

���  ⋯  ��
���

⋮         ⋮        ⋱       ⋮
��

���  ��
��� 

⋯  ��
���

⎠

⎟
⎞

    , 

�(�, �) = (��(�, �), ��(�, �), ⋯ , ��(�, �))� 
�(�, �) = (��(�, �), ��(�, �), ⋯ , ��(�, �))�                                                                        (1.2) 
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With given supplementary initial conditions, 

�(�, �), �(�, �)  and �(�, �)  are given continuous 
functions, where �(�, �) is an unknown function which 
should be determined, the functions �(�, �, �, �, �) and 
�(�, �) are analytical functions on � = [�, �] ×  Ω and 

× Ω� , respectively. X is a (closed) bounded region in 
��(� = 1,2,3) with (piecewise) smooth boundary ∂Ω 
[1]. 

Since solving partial mixed Volterra-Fredholm 
integral equations, especially system of the partial 
mixed Volterra-Fredholm integral equation are new 

subject in physical and mathematical problems, there 
are only a few techniques for solving these types of 
equations. 

Recently a He's homotopy perturbation method 
has been developed for solving systems of the mixed 
Volterra-Fredholm integral equations [5], Babolian [9] 
used He's homotopy perturbation method for solving a 
nonlinear system of two dimensional Volterra-
Fredholm integral equations, a calss of two-
dimensional nonlinear Volterra integral equations 
solved by using Legendre polynomials [8], Maleknejad 
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et al, have applied two dimensional Block-Pluse 
functions (2D-BPFs) for solving nonlinear mixed 
Volterra-Fredholm integral equations [6], Yousefi et al, 
solving nonlinear mixed Volterra-Fredholm integral 
equations by He's variational iteration method[7], and 
Babolian et al, have applied two dimensional triangular 
functions for solving nonlinear Volterra-Fredholm 
integral equations [2]. 

One the other hand, there are many numerical 
methods for solving system of integral equations, but in 
mixed Volterra-Fredholm integral equation cases, a 
few works have been done [5,9]. 
2 Basic ideas of variational itreration method 

The variational itreration method has proved to be 
one of the useful techniques in solving numerous linear 
and nonlinear differential equations. variational 
itreration method was fisrt proposed by He [10] and 
was successfully applied to autonomous ordinary 
differential equations [11], functional integral equatin 
[12], nonlinear systems of partial differential equations 
[13], Optimal control based [14], vibration of 
conservative oscillators [15], Hamilton-Jacobi-Bellman 
equations [16]. 

To illustrate the basic concepts of the VIM, we 
consider the following differential equations: 

� ���(�)� + � ���(�)� = ��(�),    � = 1,2, … , �.                 (2.3) 

Where L is a linear operator, N is a nonlinear operator and g(x) is a  givne continuous function. 
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   (2.4) 
The basic character of the method  is to construct a correction functional for the system, where λ is a general 

Lagrange multiplier which can be identified optimally via variational theory, un is the nth approximate solution, and 
��n denotes a restricted variation, ie. ��� = �. 
 
3 Applying the method 

In this section, we condider the nonlinear systems of the partial mixed Volterra-Fredholm integro-differential 
equations which can be written in the form: 
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� = 1,2, ⋯ , �.                                                                                                         (3.5) 
With the initial conditions 
��(�, �) = �,      � = 1,2, ⋯ , �.                                 (3.6) 

For Eq.(3.5) first we take the partial derivative with respect to ��, (� = 1,2, ⋯ , �). We have 

����(�, �)

���
−

��

3

����(�, �)

�����
−

���

��
− � ����, �, �, �, �(�, �)��� − � �

���

��
���� = 0.

�

�

�

�

�

�

 

Consider 

− � ����, �, �, �, �(�, �)��� − � �
���

��
����,          � = 1,2, ⋯ , �.

�

�

�

�

�

�

 

As a restricted variation, we use the variational iteration method in direction t. 
Then we have the following iteration sequence: 
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Taking the variation with respect to the independent variable un and noticing that ���,�(0) = 0, we get 
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Then, the stationary conditions are obtained 
����(�, �)

���
= 0,      1 −

���(�, �)

��
� ��� = 0,       ��(�, �)� ��� = 0,         � = 1,2, ⋯ , �.           (3.8) 

Hence, the lagrange multiplier is 
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�� = � − �,    � = 1,2, ⋯ , �.                                    (3.9) 

And the following iteration formula can be obtained as 
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Starting with an initial approximation 
��,�(�, �) = � ,        � = 1,2, ⋯ , �.                                       (3.12) 

And using the iteration formula (3.10), we can obtain the successive approximations. 
 
4 Example 

In this section, we give some examples to clarify the accuracy of the presented method 
Example 1. Consider the system of integro-differential equations 
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For �, � ∈ [0,1] and with supplementary conditions 
��(�, 0) = �,       ��(�, 0) = 0,       � ∈ [0,1] 

Which the exact solutions are ��(�, �) = ���and ��(�, �) = ����. Using the present method we have 
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We applied the method presented in this paper and solved Eq.(4.12). Hence, the Lagrange multiplier, therefore, 
can be readily identified 

�� = � − �,       � = 1,2,                                                     (4.14) 

And we obtain the following iteration formula 
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We start with an initial approximation ��,�(�, 0) = �, ��,�(�, 0) = 0 and using the iteration formula (4.15) and 
(4.16). we get un for n=6,8,10, and the error function ǀ�(�, �) − ��(�, �)ǀ and table 1 shows the numerical results 
obtaines by this approximation. 

 
Example 2. Consider the following nonlinear system of two-dimensional Volterra-fredholm integro-differential 

equations 
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For �, � ∈ [0,1] and with supplementary conditions 
��(�, 0) = �,       ��(�, 0) = ��,       � ∈ [0,1]                                (4.18) 

Which has the exact solutions 
��(�, �) = � + �,       ��(�, �) = �� − ��                                       (4.19) 

We applied the method presented in this paper and solved Eq.(4.17). Hence, the Lagrange multiplier is 
�� = −1,       �� = � − �.                                                     (4.20) 

The iteration formula for this example is 
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Table 1: numerical results for Example 1 
u(s,t) e(s,t) e(s,t) e(s,t) 
 n=6 n=8 n=10 

��(�, �)    
(0.1,0.1) 1.192141×10-7 2.251874×10-10 2.655298×10-12 
(0.3,0.3) 5.252154×10-7 3.365699×10-9 1.285213×10-12 
(0.6,0.6) 1.258495×10-6 1.215114×10-9 8.521632×10-11 
(0.8,0.8) 2.525469×10-6 1.256421×10-8 6.251524×10-11 
(1.1) 2.028632×10-7 3.201542×10-7 1.100255×10-10 

��(�, �)    
(0.1,0.1) 1.025145×10-8 3.369872×10-11 6.254123×10-12 
(0.3,0.3) 5.231541×10-7 4.201520×10-9 1.021410×10-10 
(0.6,0.6) 3.221432×10-7 2.002158×10-9 1.951254×10-10 
(0.8,0.8) 1.259820×10-6 2.252189×10-8 1.642598×10-9 
(1,1) 1.121541×10-7 1.002314×10-8 2.782184×10-9 
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We begin with an initial arbitrary approximation 

��,�(�, �) = �, ��,�(�, �) = ��  and using the iteration 
formula (4.21), (4.22), we get un for � = 6,8,10, and 
the error function ǀ�(�, �) − ��(�, �)ǀ and table 2 shows 
the numerical results obtained by this approximation. 
 
5 Conclusion 

In this paper, He's variational iteration method 
was employed successfully for solving nonlinear 
systems of the partial mixed Volterra-Fredholm 
integro-differential equations. This method solves the 
problem without any need for discretization of the 
variables, as the numerical results showed, the 
proposed method is accurate effective method to solve 
systems of the partial mixed Volterra-Fredholm 
integro-differential equations. 
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Table 2: numerical results for Example 2 
u(s,t) e(s,t) e(s,t) e(s,t) 
 n=6 n=8 n=10 

��(�, �)    
(0.1,0.1) 1.254744×10-12 1.223589×10-14 5.258847×10-15 
(0.3,0.3) 3.20154×10-12 2.33692×10-13 1.02548×10-14 
(0.6,0.6) 3.12054×10-11 2.63692×10-14 1.25548×10-15 
(0.8,0.8) 4.10941×10-12 4.25899×10-10 2.65938×10-13 
(1.1) 8.20541×10-10 6.21314×10-8 2.28984×10-12 

��(�, �)    
(0.1,0.1) 1.12941×10-10 4.20589×10-8 2.65948×10-14 
(0.3,0.3) 3.21254×10-8 2.36092×10-13 1.25548×10-13 
(0.6,0.6) 3.21354×10-8 2.32592×10-12 1.25548×10-14 
(0.8,0.8) 1.19541×10-7 4.25089×10-12 2.65998×10-12 
(1,1) 7.27541×10-8 6.20314×10-11 2.10184×10-11 
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