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Abstract: In this paper, He's variational intration method is imployed successfully for solving systems of the partial
mixed Volterra-Fredholm integro-differential equations, The variational interation method (VIM) formula is derived
and the lagrange multiplier can be effectively identified. Moreover, this technique does not require any
discretization, linearization or small perturbations and therefore it reduces significantly the numerical computations.
The results seems to show that the method is very effective and convenient for solving such equations.
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1 Introduction functions and wavelets. Haar wavelets are the simplest
The partial integral equations and integro- orthogonal wavelet with compact support, and they

differential equatioans arise in many applied problems have been used in different numerical approximation

of mechanics, physics, engineering, and even biology, problems[3,4].

there is a few systematic treatise of threir theory, We consider a systems of the partial mixed

methods, and applications so far. Recently, many Volterra-Fredholm integro-differential equations of the

different basic functions have been used to estimate the form.

solution of integral equations, such as orthogonal

a(s,t)Dsuls,t) + b(s, t)Dyuls,t) + c(s, t)uls, t) = f(s, t)

+/1f fl((s, t, x,y,u(x,y))dxty (s,t) eW =(0,T) x Q), (1.1)
0 /0

Where D, and D, are the ordinary differential operators, with m;; € Z* respectively of the forms

/D;nn D;”hz D;”hn\ /Dz’ﬂil Dz’ﬂu Dz’ﬂm\
DS: | D;nZl D;’ﬂzz D;'ﬂzn Dt _ | DZ7121 Dznzz D:nzn ’

\D:‘lnl Dinnz D;';lnn/ \Dt":lnl Dt;nnz DZ';lnn
f(s, t) = (fl(s, t)’fZ (S' t)’ ot ,fn(s, t))t
u(s, t) = (uy (s, t),uy(s, t), -, u, (s, t))¢ (1.2)

k(S, t,x,y,f(x,y)) = (kl(s,t,x,y,f(x,y)),kz(s, t,x,y,f(x,y)),-~-,kn(s, t,x,y,f(x,y)))t

With given supplementary initial conditions, subject in physical and mathematical problems, there
a(s,t),b(s,t) and c(s,t) are given continuous are only a few techniques for solving these types of
functions, where u(s, t) is an unknown function which equations.
should be determined, the functions k(s,t,x,y, 1) and Recently a He's homotopy perturbation method

f (s, t) are analytical functions on W = [0,T] X Q and has been developed for solving systems of the mixed
x Q7 | respectively. X is a (closed) bounded region in ~ Volterra-Fredholm integral equations [5], Babolian [9]
R™(n = 1,2,3) with (piecewise) smooth boundary 6Q used He's homotopy perturbation method for solving a

[1]. nonlinear system of two dimensional Volterra-
Since solving partial mixed Volterra-Fredholm F.redhol.m integra} equations, a calss  of tWO'
integral equations, especially system of the partial dimensional nonlinear Volterra integral equations

mixed Volterra-Fredholm integral equation are new solved by using Legendre polynomials [8], Maleknejad
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et al, have applied two dimensional Block-Pluse
functions (2D-BPFs) for solving nonlinear mixed
Volterra-Fredholm integral equations [6], Yousefi et al,
solving nonlinear mixed Volterra-Fredholm integral
equations by He's variational iteration method[7], and
Babolian et al, have applied two dimensional triangular
functions for solving nonlinear Volterra-Fredholm
integral equations [2].

One the other hand, there are many numerical
methods for solving system of integral equations, but in
mixed Volterra-Fredholm integral equation cases, a
few works have been done [5,9].

2 Basic ideas of variational itreration method

The variational itreration method has proved to be
one of the useful techniques in solving numerous linear
and nonlinear differential equations. variational
itreration method was fisrt proposed by He [10] and
was successfully applied to autonomous ordinary
differential equations [11], functional integral equatin
[12], nonlinear systems of partial differential equations
[13], Optimal control based [14], vibration of
conservative oscillators [15], Hamilton-Jacobi-Bellman
equations [16].

To illustrate the basic concepts of the VIM, we
consider the following differential equations:

L (uj(t)) +N (uj(t)) =g;®), j=12..,n (2.3)
Where L is a linear operator, N is a nonlinear operator and g(x) is a givne continuous function.

W01 (6) = 1y, (0) + f AL (5)) + N () = g;())ds, = 1.2,..,m.

(2.4)

The basic character of the method is to construct a correction functional for the system, where 4 is a general
Lagrange multiplier which can be identified optimally via variational theory, u, is the nth approximate solution, and

i, denotes a restricted variation, ie. @i = O.

3 Applying the method

In this section, we condider the nonlinear systems of the partial mixed Volterra-Fredholm integro-differential

equations which can be written in the form:

0y (s, t) +i(32u]-(:', t) = fi(st)+ ftf K]-(s, t,x,y,u(x,y))dxdy (s,t) € W = ([0,T) x Q),
0 Jo

at 3 ds
j=12,-,n
With the initial conditions
u(s,0) =s, j=1.2,,n

(3.5)

For Eq.(3.5) first we take the partial derivative with respect to t;, (j = 1,2,-:-,n). We have

0%u;(s,t) B ia3uj(s, t) of;

1 t 161{]
92 T 3520t _E_fo K]-(s,t,x,t,u(x,t))dx—fofoﬁdxdy=0.

Consider

1 t (19K,
—f Ki(s,t,x,t,u(x, t))dx —f f —Ldxdy, j=12,-n.
0 0 Jo Ot

As a restricted variation, we use the variational iteration method in direction ¢.

Then we have the following iteration sequence:

i ,t) = u; ,t A
u],n+1(s ) u],n(s )+J;) [ 6‘[2 3

£ 0%uj,(s,T) B ia3u]-,n(s, T) B %
ds?0t

Fe S,T)

J-l ( ) T 16[{]
- K ls7x1tu,(x1) dx—f f —dxdy]dr.
0 / o 0 0 at

Taking the variation with respect to the independent variable u, and noticing that § Ujn (0) = 0, we get

, o1 . t92a
OUjny1(5,1) = SUjn(s,t) + A6, (5,T) o — 0| 5= Ujn(s,T) § —fo ﬁuﬁn(s, T)dt

Js

oA , t 92
= Su;, (1 - %) + A;6u; ,(s) + fo ﬁduﬁn(s, t)dr 3.7)

Then, the stationary conditions are obtained
62/1]- (s,7) _ 1 04 (s,7)
ds? ’ ds

Hence, the lagrange multiplier is

=t — O’ A’j(sl t) 7=t = O’

j=12,n (3.8)
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Ai=t—t j=12,-,n 3.9
And the following iteration formula can be obtained as

¢ 0%u; ,(s,7) s?23%u;,(s,7) 9f;
— ., _ jn(5T) ST O0"URS,T)  Of)
Wipn1(5, 1) = Ui, (s,t) +f0 (=0 9.2 T 95207 6‘[ S, T)

—fll('](srxrun(x‘r) dx—ff ajdxdy]d 3.11)

Starting with an initial approximation
ujyo(s, t)=s, j=12,-,n (3.12)
And using the iteration formula (3.10), we can obtain the successive approximations.

4 Example
In this section, we give some examples to clarify the accuracy of the presented method
Example 1. Consider the system of integro -differential equations
ou,(s,t 1
1( )_ su,(s,t) — f f u? (x, y)us (x,y)dxdy = I t3 + set —ste™t
(4.12)
ou,(s,t) s?0u?(s,t 1 1
16(t )_ 5 ( ) f f y2uy (o, yIu, (x, y)dxdy = ——t4 + set —3S (et —te ™)
For s,t € [0,1] and Wlth supplementary conditions
U (s,0) =s, u,(s,00=0, te[0,1]
Which the exact solutions are u, (s,t) = setand u, (s, t) = te~t. Using the present method we have
0%u, (s, t ou, (s, t 3 1
6115(2 ) _ s 26(15 )_ set +se”t —ste t + Etz - fo x2u? (x, Oud(x, t)dx
0%u (s, t)  s?20%uy(s,t)
at? 2 0t?
We applied the method presented in this paper and solved Eq.(4.12). Hence, the Lagrange multiplier, therefore,
can be readily identified

1 1 1
+ Et3 —set —s?e7t + ESZ te™t — f t2uy (x, t)u, (x, t)dx
0

Ai=t—t  j=12 (4.14)
And we obtain the following iteration formula

a0 = (5,0 + [ @O

0%uy (5, 7) 0%y, (s, 1)

a12 T ez
—se® +se " —ste”" + i‘rz
L 15
- f x2uf, (x, Hus , (x, T)dx]drt (4.15)
0
¢ 0%u, ,(s,7) s%0%u,,(s,1)
,t) = ,t -t - - -
Uana(51) =) + | (7 - D[ D - S
+f —se"—s%e "+ lsz‘re‘f
L 2 2
- f T2Uy (X, T) Uy, (x, T)dx]dT (4.16)
0

We start with an initial approximation u; ,(s,0) = s, u,(s,0) = 0 and using the iteration formula (4.15) and
(4.16). we get u, for n=6,8,10, and the error function lu(s,t) — u,(s, t)! and table 1 shows the numerical results
obtaines by this approximation.

Example 2. Consider the following nonlinear system of two-dimensional Volterra-fredholm integro-differential
equations

s 0uy(s,t 1 1
Ui (s,t) = 5% f f sy (e y)+u, (x,y)dxdy = s + ¢ — st + 3 5t% 567
a t
ula(ts : _”2(5 2 +f f s(ui (G y) —u3 (x, y)dxdy = 1 +§sz(s2 —t?) (4.17)
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L0542 ot b ost? 4 st
550 Tot TS T1gt
For s,t € [0,1] and with supplementary conditions

ul(sl O) =S,

Which has the exact solutions

u (s, t) =s+t,

We applied the method presented in this paper and solved Eq.(4.17). Hence, the Lagrange multiplier is

The iteration formula for this example is

Z

LOuy (5, 7) S 0%Uy,(s,T)

ul,n+1(sﬂ t) = ul,n (S’ t) - f
0

at 2 012

u,(s,0) =s%, te€l0,1] (4.18)
U, (s, t) = s? — t? (4.19)
=-1, A=t1-t (4.20)

1
2
+f ST (ufn(x, 7) + Uy, (%, ‘L')) dx —1-— 35T~ st2 4+ s]dt (4.21)
0

Table 1: numerical results for Example 1

u(s,t) e(s,t) e(s,t) e(s,t)
n=6 n=8§ n=10
ul(sﬂ t)
(0.1,0.1) 1.192141x107 2.251874x10™"° 2.655298x107"*
(0.3,0.3) 5.252154x107 3.365699x10” 1.285213x107"2
(0.6,0.6) 1.258495x10°° 1.215114x10° 8.521632x10™"
(0.8,0.8) 2.525469x10° 1.256421x10° 6.251524x10™"
(1.1) 2.028632x107 3.201542x107 1.100255%10™"°
ul(sﬂ t)
(0.1,0.1) 1.025145x10" 3.369872x10™" 6.254123x10™"
(0.3,0.3) 5.231541x107 4.201520x107 1.021410x10™°
(0.6,0.6) 3.221432x107 2.002158x107 1.951254x107"°
(0.8,0.8) 1.259820%x10° 2.252189x10° 1.642598x10”
(1,1) 1.121541x107 1.002314x10" 2.782184x10”

t
d
a0 = (5,0 + [ @)
0

U p(5,T) 8% 00Uy, (s, t)
at? 2 Jat

1
+ f s(uy (2, 7) — U5 (x,7))dx + s*1
0

+s51* ——s12 — 51— —5s]dz

We begin with an initial arbitrary approximation
Uy (s, t) =S, Uyo(s,t) = s? and using the iteration
formula (4.21), (4.22), we get u, forn = 6,8,10, and
the error function lu(s,t) — u,(s, t)! and table 2 shows
the numerical results obtained by this approximation.

5 Conclusion

2
3

84

3

5 (4.22)

In this paper, He's variational iteration method
was employed successfully for solving nonlinear
systems of the partial mixed Volterra-Fredholm
integro-differential equations. This method solves the
problem without any need for discretization of the
variables, as the numerical results showed, the
proposed method is accurate effective method to solve
systems of the partial mixed Volterra-Fredholm
integro-differential equations.
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Table 2: numerical results for Example 2

u(s,t) e(s,t) e(s,t) e(s,t)
n=6 n=8 n=10
u, (s, t)
(0.1,0.1) 1.254744x10™" 1.223589x10™" 5.258847x107"
(0.3,0.3) 3.20154x107" 2.33692x10™" 1.02548x10™
(0.6,0.6) 3.12054x10™" 2.63692x10™ 1.25548x10™"
(0.8,0.8) 4.10941x10™"2 4.25899x10™° 2.65938x10™"
(1.1) 8.20541x10™"° 6.21314x10™ 2.28984x10™2
u, (s, t)
(0.1,0.1) 1.12941x10™° 4.20589x10* 2.65948x10™
(0.3,0.3) 3.21254x10™ 2.36092x10™" 1.25548x10™"
(0.6,0.6) 3.21354x10™ 2.32592x10™2 1.25548x10™
(0.8,0.8) 1.19541x107 4.25089x10™"2 2.65998x10™"2
(1,1) 7.27541x10™ 6.20314x10™"" 2.10184x10™"
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