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Abstract: In this paper we construct the derivations of i=2  in terms of the derivations of some simple -algebras

AT =2 N Also we introduce the concept of relative compatibility of finite number of A, - derivations

a;AAE:z' cl AT_A

We express the general form of any element c in the kernel of where =70 and

IR D
Lin terms of some simple tensor product ¢ =1 AA b, , bl Al A . Finally we get a precise form of

¥
.- / "i= X )i .
A, derivations @) 1=123,...,n in terms of a sequence of derivation ( ' )“1on A, and their basis
©,)i= "i=123...n
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1. Introduction It is called a*-derivation if it
n n n . - *_ *\ .
Ifd:AA ® AA, isaderivation where A A, bea satisfies D, (a;) =D, (ai ) 1£1 £n.
i=1 i=1 i=l T
For a fixed element @, | A;, we can define

tensor product of finite number of simple C = algebras.

hen for ad??\ag i O A O
8i:1 P & |¢|n gjé\lA, = we have

gb :d(%\q 3%\[3' _+6%\a 9d(§‘b| 3 thaF D.ai isa deriv:.ﬂtion,
9

D, A ®A,
where D, (b)) =[ai b ] =a,b, - b;a; . Itis known

'] which is called an inner derivation [9].
Let | be the identityof A " i =1,....,n. By A derivation Dai is called approximately inner if it is
—— ' . the limit of a sequence of inner derivations. For more
A; ("1 =12,....,n) weshall always mean simple details about the definitions and results we can refer to
C " - algebras with countable basis. Each simple C " - [7]and [8].
algebra A, has the property ¢ (A, ) =CI , where 2. Compatible derivations of finite number of simple
: C*- algebras.
¢ (Ai ) is the centre of A, see [9]. Recall that by a Now we are going to define a derivation of finite
simple C " - algebra A, ,we shall always meana C - number of simple C*- algebra.
algebras whose ideals are {0} and A. Definition 2.1
H . n —_ n
Alinear map D; 1 A; ® A;, 1=12,...n Let A A. be a tensor product of finite number of
is called a derivation if for each &, ,b, | A =
_ (a.b. ) =D (a_ )b- +aD (b- ) simple C " - algebras. A linear map @ : A, ® AA
1 171 1 1 1 1 1 1 *
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called an A, - derivation with respect to ,&Ai
, 1=12,. -
d(ab)=d(a)(bAR-!
d(ab)=

4(ah) =4 (a)(82DAR,) {AZDA )4 b,)

n
It is called a * - derivation with respect to A A, , if
i=1

d(a) =qa)

Example 2.2

., N if it satisfies,

))+aAB-))d(0).

"o=12,.n.

LetC 1 AA and define
=1

d:A ® AlAi i =12,...,n by

’%AA 0

k =2 ﬂ
agel 0 A

0:(31) a f—\ll aAa Agk'Al\+ll 5@

"1 =2..,n-1,
Sl A

and d, (an):ag a£}A I Aa, 9 Then d isan A, -
k =1 g

derivation with respect to AlAi "i=12,...,n,

which is called an inner A, - derivation.

Next we are introduce the notion of compatibility of
A, - derivations " i =1,2,...,n

Definition 2.3
n
Let @ be A, - derivation with respectto A A, ,
i=1

I =1,2,...,n, thend 's are compatible if the map

d, :,&Ai ® ,&Ai defined by

dé@ -q(qg A2 AAlq(q gB\IAAa{ 0;

k44 gy
is a derivation ofA A, . In this case we say that d 's are
i=1

the i {3, components of d.

http://www.americanscience.org

Note:

We can say thata{ ,1=2,3, .....n are compatible

with @, if the above condition is satisfied.

Example 2.4

d(a) (AR Ab, AR 1) +AGRL '>A%A%ﬁ')d£\b/1 andFEN A

94?1A,§2|6 i =1
d(a)= qg'?MAqAAl_ 2£i <n

84§%\IA610_ I =n.

Then @ 's are compatible i =1,2,....,n. Therefore we

have,
d e %=qFa?
&7 ‘&g
Example 2.5
Let X, be derivationson A, , 1 =1,2,...,n,then
a(a)=x(a)AAL
d(a)=A1Ax(a JA Al i=2..n-1

k=1 =i+l

and, d, (an) = Eil Ax (a ),are compatible for,

5 5 aa:l
8 I_+a8AIAX AKAI\+1IB+ kA_llAXE

see [7].

3. Main Results
We will be in need to the following Proposition which

gives a necessary and sufficient condition for some A, -
derivations to be compatible.

Proposition 3.1
For 1Ei1 £n, d s are compatible if and only if
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d (d,(a, ))8AIAAak§+

al/-'\/-'\l

d (d(a)=

1A A a
k:2k

+51§?AAakAA|— d (d(a ))?é‘e'a‘lA A ak_

k=i ﬂaAAl =i+l

q (d(a,)

+‘*fAAakA|
8 ﬂaAAl

Proof:-

Letd 's are compatible I =1,2,...,n. then there

d: AA ®AA ,where

i=1

d?q q’(q?AAa{ +a q{AAI_q’( )%\IAAq{_

exists a derivation

= k=4 [
afAlak Al _a’ (a,). @
However,
d(é‘"d:&a,_-d88 AkAZakgg?;\iAkA_\zlag
n A n 0

—dg?AézakggglAkAI;a?AAa ‘%A@Ja
= 4(')§A{§2ak 2GR 1 % (a) RN AAR S
+
r61 el <0
aFA qlﬂq(q gAlAm; AAqAI_q((aL)] AAIL
+

+g? AAa, Ba{(ai) AlS
(3.2)
From (3.1) and (3.2) we get,

0B Aa 0=
gAézakg(d( a))- (d(a )>§el Adcs

http://www.americanscience.org 33

aa:l .6

+eAa Al ga;, (a,).

Therefore,

d —d@) B I AAa OB AR
|Akﬁ«'_2ak(q(a1)) z(az)g k=3 %?il k=2 g

Adinia g B 344))?%%”%%9
c AA%AA%AQJ% @Akﬁﬁg Ao A fa A
+§‘? Ak\:,g\ak Al gé%lA k,gzl E(a’n ().
Then we have,

glda)= il 2cPla sl o canindel

+?éﬁ A A a Al a(dalm (2, (a,)))
On the other hand let,
Jlda)=g (Q(az)) JA@% Aka AAIO 40’((,’/(6}) 4IAkﬁ1q(E

+§?AAakA|°d . (d(a,)).

g aAAl

Now we need to show thata{ 's are
compatibles,i =1,2,..

Thatis d : A A ® A A, is a derivation where for each

a0 p 9 An

=1 i=1 i=1
8 ﬂ a

()@ EERZP0 S Pa b0

, and

d?a, =q(a a?AAq(;+aa%\a(Aélgq’( )&1l 5«

g
A%

8AakAl_a'( a,).

Since,

editor@americanscience.org
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OO !
e B oo - A A e b

(bARZah AR, 1) (la b)) A Aa) ?AA@QAI‘M a))

o

&Fan AR Jalan DA A A an &t A1 dq(a)

:1
i2

: =5 A Aab, Aa, dd (b,
=(d(a ))?AAaKOB?‘E\b—@AAuq )?AAaKbK- g nano e ﬂ(_l( ) )
#d(ab. ) B ATA Aab, Aa, 2
%1%1 2.0 n-2 i1 N _ i
aghab AL (&b ))EA A Aﬂakb 5 +5§?AAakbkAA|&q(qbi))glAAuA R ab, Aan_
1 1 i=3 k=2 k=i 9 k=2 =i+
%mmm( DEA1 Ao, 2ZAa ZAn, A1 96/ b,)
- (1AAZab AAL 1)(d(a b, ) (I ARSI Ag, )+

=d(a )?AAakoa?ib 9+a%1AkA2IE ?AézakbkAlg(q(an))gﬁAé\zlg
iq(q)g/'&gm/&ang@/&élgq(m I ARan Aa S B a9 ary(_g"?s-sz_v_v_e have,

d (géa,. g&lb %ﬂ%( )?Ak Ao % %A _+831A Al g
+a§AAakb Aélg( (ab, ))g‘?MA A ab, Aan_

=i+l

& A Rab, Ag, %o +a(an)BAIARaD Ag S

(AR 2ah AR, 1) dla, b, (A1 Aa) b AR ah Al)(a)
kA_ll Ab, _+aé/la Ab Al _(d( ) +a?AAakb AAI_(q’ )?AAIA,?\ﬂaKb Aan_
SN 1 AAZab AR 1) (a, b)) (b ARSI A
d (d(b))= d @(an) )a%\IAAakb Aan O . )
1AR 8D, Aan( b )) BAA +§? Aké‘zakbk Al g(af]( )aB A A I %8A I Ab s
+agi’AAakb AAIS 4 (g (qb))g“dAlAAakb AaS o s g i

iy ¢ +BaAb Al dd (b )=(@)FAAS géu
(Iméqmﬂ)q%.<qqnaxﬂrzlﬁq)+§%qmgg<qq)> BAAIC

Therefore,

1 N S - L lap i 0 5 el o)
a(n)FAAan Ag HEAAI g(q(azbz))gg 1A Aa iFAAaD Ag Ad(b)) +(d(a )b AAab. Aa 2+

. S e . .. Nl . o
?é‘? Aa,AA I B(a’z (bz))?éﬁlA | AAab, Aa, S
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agAAakb AAI_(q/ @AAlAbAAakb Aan_+§‘?Ab AAakb Al_a’ %aBAAIAb O

"f/& 0
?AAaKbkAqAAI_(q )?lAAmAaKbkAan @, &% Ab Al (d( )

k=41 Repeatlng the above process n-1 times, we get,

(AR Al DOARZI A B g G 0
+(1 AAZab, Aa,, Al) (G, (b,.)(b AALI Ag,) | v
=%(01(a1))§ A A, g
Fhan A1 ARSI Ay 9Ra Bp A dala)) nin i o
Frann QAR BRI et a1 DB A R
Then we have, é 1 (e 0
d BR o 0By 00 FghaAl _( (@) g%bi 5
88I:1 Bg 2 gg 35 i . ) " ¢
| : o el [IARRA A A SRR AAR A AAI gl
laa)F AAa 2EAAI a () Fh1A RS Y el Sl il
| g 4 k= . , o .
S, 0 A1 90, b, Al Ab, 2R, A1 % b,)
i1
}
Fa T ARDAACIRAI AT m, 0B b ¢
. 0B 2T gaT g G &
+?‘§:1ak A ésl B which impliesthat @/, 1 =12,...,n are
1 )%\I AAa(bk Aan 9+?Ab2A,& I 9(a§(a3)) compatible, that is, d : A_\lA ® A_\A is a derivation
I & a = g where
?ﬁql Ab, k,§4akbk Aa % (1A Al| glo)( A Ag, +agA|AAQA|q(q g‘AQAAllAbﬂE
?AbzAaSA%I%@(bg))g%llA%lakbkAang kA_ll_a’ (b, )?ééAzb Al Ab, 5
1 : A/l 1§
ggAbzAAa(q AAI 4q(q))§?\ll Ab A A  ah, Aqé +eAb Al Ba;, (b,) =d &bi ,%
+§?AbZAAa‘(Q< Ag A A | _(q’(q ))a/%\ll Akﬁﬂq A"%- In th_e _f(_)llowin_g _we introduce the conc?pt 9f relative
compatibility of finite number of A, - derivations
{1 Ab AR Zab AR 1) (& DA A Ag )+ i =12,
(IAbZA{:é@qAan 1A|)(q ( ))( —1I A‘%) Definition 3.2

Ifd and d¢ i =2,......, Nn. are compatible with
@, then we say that (@}, d, ....., al)is g - compatible
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to (d%dS.....,d%) written by
d°dimodd) "i=23,....,n.

We express the general form of any element c in the

kernel of d , .,  where cl A'_A and xT A in
k =2

terms of some simple tensor product ¢ =1 A Ark'zzbk
S
bl ALLA,.

Proposition 3.3

Let A, besimple C *- algebra " i =1,2,
Letcl A"_ A, for each
x1 A, a, AAL, ,(€) =0.Then
c=1AA]_b,
I AAY_b T Al_A, .Moreover
a°dimodd) "i =23,
f. derivations
of A, (d-d¥(a)=A 1A f(a)AA]
all
2f£i £n-1land,(d, - d@,)=A21 Af (a,).

for some

n,if for some

sing |, for

Proof.

¥

Firstly, let ¢ = § a, AAi”ZZbij where b; "sare

i=1

linearly independent " 1 =2,3,...... ,N.Since
AA" I(C) =d (x AA _1)=0.

thus, c(x AA]_1)- (x AAl,1)c=0 "xI A,
then ,
& I I o w &
a (a1j AAi:Zbij )(X AAk:zl )' (X AAk:zl )(a (a1j A
i=1 i=1
thus, Q ((aijx - xa JAALD, ) =0.

j=t

Secondly, since b, ’s are linearly independent
]

Then d, (x)=0 "xT A see[7]

http://www.americanscience.org
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Thus, 8, x - xa, =0,a, 1 Z(A,)=CI then

a =a;l , a; 1 C see[9].
Finally

c=8a ALY )‘a(alAA_z b,)=a( A& ALb, )
=1 4

Now let (a AT b)) =AT _, 0. Therefore,

c=(I AA? :zbi(JF) the first part of the Proposition is
proved.

Let, (...,
(d$dg.....,

d)) be d, - compatible to
al®) then there is a mapping

d, :'AAi ® AlAi , defined by

"ALQIAA

d@q_w@gwg%a/%ﬁl %(a))élﬁéa?@q/&l%q))
—(cﬁq))geAAak +a§qAAI2cp(q )gmAAak +§“2\4A| Qtta)),

n

is a derivations of A A, .
i=1

Moreover,
4 (@)= d @@)gAIARs S
IAA a aAA o}
rb—l
+ a‘?AA AAI_a’a’ A LA A
iazsg ak ﬂalAAl( ( ))8 '+1akﬂ
+aEfAAa A12 o (d(a)).
8 “ ﬂaAAl( n( n))
A_,_ ) R
S Nake)gh A Aa 8
rb—l
+ a‘?AA AAI_a’a’ AIAA
iazsg ak ﬂalAAl( G(a) '+1akﬂ
a‘?AAa A2 o (a¢
*e ‘ rz:aAA.( (a.)).
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Then,

2 n -
d ((d,- d A1AAa 2+
alAAI(( q)( )8 = k=3 g

+é§?AAakAA|_ d (d-d%(a)) )(é??uA A ak_

AAI k=i+

?éﬁAAa AS d ((d-an(a))=

zalAAI
Thus, o { (d,- d, AlAAa9+
u alAk/"xz|{ (2 2%( )8 o kﬂ
;1 . il L g
gg?Akezak AA1(d - a9(a) 8A ! Ak/fﬂakg

. -l - 0 _
+§? AAa Al E((a; - a®(a,)) } =0.
Using the first part of this Proposition, we have,

- %) §IAA3K +a§AAaKAA|9((q Aa) )gfamAaKg

Fana i1 g afa)) 2 A4, =(1AK.a)

where d is a derivation on A_ A, .
Hence,
(d - df@)=A 51 AT @)AAL I,
for
2Ei£n-1 and, (d,- d®@,)=AZ1Af (@a,)

where, f. are derivations of A,

The other direction of the Proposition can be proved by
using example (2.5), that is, let X; be derivationson A, ,

i =12,...,n,then
d(a)=x(a)A AL
d(a)=AlAx(@)A Al i=2..n-1

and, d, (an) = qéll AX (a ),are compatibles , since

.t n-1 =
d= ?AA|_+a§‘A|AxA A 183K

k=i+1 [} k=1
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And then the proof is completed.
Finally, we get a precise form of A, - derivations

(d) "i=123...,
derivations (Xij )le on A, and their basis (eij )j-‘:l,
"1 =123...,n.

N in terms of a sequence of

Proposition 3.4

¥
Let{ } arebases for A, "1 =12,3,...,n,
j=1

and @, be A, - derivations. Then there is sequence

(=}

of derivations of A, , such that,

ig N
|é21(a)AAk2k i =1.
e
T & .
ia (Alle, Az (a)AA is ) lpipn.
di(ai)=_|'_j:1 k=1 k k 1
I ¥
Ta (Ade, Az, (@) i =n.
|': ] ]
i
]
Proof.
Leta,bl A , "i1=23..,n-
Then we have,

4(ah)a:(ﬁ&i@j/&4j(am%ﬁqj)
q;f(a ""ﬂMA‘LI)ﬂ/‘SLiI/‘SaAAU)d@)
—*ol(ﬂi Az @hARLE )+a(A< Pz QARL8)

Thus,

A(e, A @) @h +az BAAL ., )=0

Since, Y )}y are linear independent
"i1=12....... ,N, see[7].
Therefore, Z; (a;b;) =(z; (a)b; +az; (b;)).

Then we have {Zi }j be sequence of derivations on
A "i=2,...,n-1
Similarly, we can show that { } and { } are

Al A X, 0 < sequences of derivationson A, A respectively.
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