Journal of American Science, 5(2), 2009, http://www.sciencepub.net, sciencepub@gmail.com

Relationship between Continuity and Momentum Equation in Two Dimensional Flow

Idowu, I. A, Olayiwola, M.O and Gbolagade A.W
Department of Mathematical Sciences
Olabisi Onabanjo University
Ago-lwoye,Nigeria
ejabola@yahoo.com

Abstract: In this paper a quantitative discussion on a theory describing the relationship between the
continuity and momentum equation in two dimensional flow together with the momentum equation in

vectorial form:pd%t =-Vp+ pg + yVZq, on expanding V*(V.q) in cylindrical polar

coordinates, the end result proved to be Euler equation. [The Journal of American Science. 2009;5(2):74-
81]. (ISSN: 1545-1003).
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1.0 Introduction:

A more detailed view of the fluxes across the parcel can be obtained within a reasonable space of
text of we restrict our attention to two dimensions. We can then write the equations for the component and
look closely at the change in these components.

We consider planar view of a parcel unit depth. Assume p is constant across the parcel, so we can

write for the mass of the parcel, o = pov = pHXH AL . In the two-dimensional flow, each component
of velocity can vary in both X and Yy directions. We can approximate those velocity changes across our
incremental parcel by a Taylor expansion. In this case we will consider the base values of qualities such as
pressure and velocity to be the value of the center of the parcel and expand around these values. Note that
value of the corner, x =Yy = z=0, could also be assured as base values. Since the parcel is
infinitesimal with respect to mean flow scales. The magnitudes of these values are uniform across the
parcel in the limitov — 0. We are writing the incremental change at the point, we need not be zero.
Again we look at the total change in the density and the scope of the parcel as it instantaneously occupies
the point (x, Y ). We can derive the continuity equation in a slightly different manner, by considering a
specific infinitesimal parcel in a Largrangian sense. The derivation will illustrate the close connection
between Largrangian and Eulerian perspectives and we will send up with the familiar Eulerian expression.
Starting with the Langrangian perspectives we consider a very small parcel such thatov — O, with no
sinks or sources. We then follow the particular parcel that experiences volume and density changes with
respects to five only field varcash will vary infinitesimal across the small dimensions of the parcel. Then
the statement for the constant mass of fluids parcel, then the statement, for the constant mass of this parcel
POV is completely expressed in the five derivatives, D((poVv )/ 0t)= 0. However, when the parcel
moves through the fluid, to volume must distorts and changes due to the changing forces in the thus field.
The derivative which separated into density and volume changes by using the chain rule for differentiation.
In the end, the derivative can be converted to the Eulerian expression.

2.0 Mathematical Analysis

The differences between the various derivatives can be explained in a more formal manner as
follows:

Let consider a fluid particle moving with a load velocity;

Q=lv+jv+Kkw 1

and let the change of the property b =b(X, y ,z,t) of the particle be investigated. The change
in b with time and position may be expressed as
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b= (abjat (abjax [@b}ay (“’jaz )
ot ox oy oz

The rate of change of s in time a%t equation become

Vb _db Uas Va_b a_b} 3
vt ot OX oy 0z
V—b:a—b+z-8b 4
vVt ot

With (3) we can direct operation of db in new coordinates.
Vb b b b b

vi o o Tl TG

5
Vb ab ob ob ob
vt oot Mo T e Y Teineoe

Which the law of conservatlon of mass has already been presented in a form applicable to a
control volume may be rewritten as:

@ = j %61/ +jaq -nds

6
Application of the divergence
(2) theorem to the surface integral
Ipq-nds=jA-(pq)dv- 7
Apply 6 into
p

=A- dv=0 8
j{ at (pq)}
Hence, % +A(pg) =0 9

The equation (9.0) is known as the equation f continuity. It is the differential form of the law of
conservation of mass written in form of the flow field.

Equation (9.0) is now rewritten in detail in the three most continuity used coordinate systems.

In Cartesian coordinates

o, a(pu) , a(pw) _I(pw)
ot ox oy oz
In cylindrical coordinates

o da(rpar)  19(pqd) . o(pqz)
ot r or r o6 0z
In spherical coordinates

op, 1o(r’pa) 1 o(padsing) 1 a(pad) _

ot r® or rsing 00 sind 00

In some particular cases equation of continuity assumes simpler form given in Cartesian
coordinates.

=0 10

=0 11

12
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A-(pgq)=0
or . 13
A-q=0

Now, for momentum, Newton’s second law of motion states that the rate of change of momentum
of a thermodynamics system equals the sum total of the forces acting on the system.

%J' pqdv = jgpdv + ITds 14

When g is a general body force per unit mass,
and T is the system boundary for x-component Equation 14 becomes

D
— | pxdv = | gxpdv + | Tnxds 15
= j p j gxpdv + |
The Reynolds transport theorem may now be applied to the left-hand side of this equation

D du uou vou wadu

—j pudv:_[p—+ + + dv 16
Dt ot ou oy oz

The stress term Tu inside the surface integral is now written in terms of its components to yield

or, Or, ot

JTnnds = I[TXxi +T,, +szk]- nds = I{—“+—W+—}dv 17
S S v 8“ 8y aX

where the divergence theorem has been used again
By subtraction of equation 16 and 17 into equation 15 yields

ou udu Vvou wau oT,, O, dT,
'[ pl—+ + + -0, |- + + =0 18
g ot ou ot ot ou oy oz

Becomes

AU U VAU @du or, or, &,

+—+—+ =Pg +——=+—+
& x oy o X oy
Similarlylf%r the y- and Z- Components

W v aul, d, . d,

ax oy al* x o a 20
au LUV veu | aou or, O, dT,
=P, + + +
Aa "o a XXy o
21

The . V g term vanishes for incompressible flows. Hence the thermodynamic presume may be define for an
incompressible fluid as the average normal stress:

T, +Tyy +T,

p: 3 22

It is customary to separate out the pressure terms from the total stress
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THj+-pa)+1] 23
And 7;; = OpZij equation 23 is written in tensor form as
T=p+7 24
p 0 O
P= 0 p O
0 0 p
Equation 23 is used to modify the momentum equation by subtraction 8 from 20
or
B VIR VALY RCCY BN + Py, + $ 9w, O | 0Ty 25
ot OX oy ot OX OX oy 0z
or,, Ot, 0O
,oa U@+V— —I—— + Py F— +——+ Tax 26
ot OX OX oy 0z
ot
p%+U@ V% w W :_@+pgy+8rxz+ yz+arZZ 27
ot OX oy ot oy OX oy 0z

This may be put in symbolic compact form.
Aq

==V +V.r
At p

28
The expression for the stress and the rate of strain component in several coordinate system are now written
down.

In Cartesian coordinates of g=iu + jv + kw

1(ou av 1(ov ow 1(ou ow
Exy = Exy =Sl AT 2 ey Tl A T A |
6y 6 2\oz oy 2\ 0z ox

ou ov oV oW ou aw
Mg =M —+ — | Ay =+ | Ay = — 4 —
oy OoX oz oy 0z 0OX
ou ov oW
Exx = ) Syy:_’ z = )
OX oy or
Ay=ou, A, =oud, A, =ou?Y, 2
OX 0z

In cylindrical coordinates q =¢€,Q, +€,0, +€,0,

S b

liogr 0 8qr 0z
Er9 =5 -t v Ty =
2108 or 0z ar

6 - Fqg Wﬂ ngzﬂ[@éﬁ}
2 08 r 09 oz r o9
oqr 099 qr) 0qz

= = — 4 , 2 = —
fr = o (% 29t fz =y
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., oqr B oq% qr ., 0gz
T, _Z'UW’ T _Zﬂ(%ﬁ—i_T} T, =21—— 30

In spherical coordinates q =€,q, +€,0y +€,0,

ERO = {wqye ( ﬂ o= { aq%NR[a%ﬂ

11 1 60R 1 oq/ (4’
=— , 7RO = —+R —
Z[RSmQ o ( Rﬂ /{RSmH 4R[8R
1 aqpy SlnHa ( j E}q/ Slney q°
“2|Rsing /00" 90\ sing “'Rsing /09 R\ sing
ERR—@ Ter =24 aqR
oR R’
E66 = (1 MR qr], T&¢=2y(£%+£j
RoR R RoR R
Epp— 1 aq_(p+ﬁq€Cot6? | =24 — oqe +@q€Cot0
RSing dp R R RSing dp R R

31
Equation 29-31 may be used to eliminate the stress components from the differential momentum equation
25-27
Becomes

N N v v ap o°v 0% 62
Pl U TV WS [T e, T + +
OX oy 0z oy

N v 8p 82v 82v 82
—+u—+v—+w— =Pou, e
oy [6/4

ow ow o’w  o*w  d*w

p—+u—+v—+w pgw—+ +—+— 32
ot OX oy 0z ow ox> oy 0z

Equ. 32 constitute a system of three nonlinear second order partial differential equation. The proper

boundary conditions for the velocity on a rigid boundary are: ¢, =Q, =0

Where g, is the minimal component of the velocity relative to the solid boundaries and q; is its tangential
component. These conditions are also termed the non-peneuration (g, = 0) and no-slip (g; = 0) viscous
boundary conditions.
Equation 3.2 becomes

Dq

Poe=~VP+ P VX(VXQ)=—Vp+ pg — uV’d 33

If VZis the Laplacian operator applied to the velocity vector in Cartesian coordinates. By expanding
V x (V X q) in cylindrical polar coordinates and using (13) we obtain

oqr oqr oqr ogqr  q°é
(q ar g, qq_qj

+0, — z
ot or roed 0z r
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e A ] 34
{00, 5 028, 20 52)

o By fi) St
p(%+ qr%+ q9%+ q, %}

e L) Lo 36

By repeating the for spherical coordinate, we obtaqin,

2
=Py — _12 @+yli(R6qgj+ 21, 62+(Sin G‘q_(pj
RSin“0 ¢ R OR oR R°Sin@ 06 06

2
+u{ | 0%qp 2__qr 2Coso 6q(0} -

+
RSin’@ R?Sin’@ R?Sin@ d¢ R*Sin’0 o¢

By substituting & =0 in the navier-stokes equating which is called momentum equation (3.2) — (3.7) we
obtain an equation

Dq_ \V4 38
P t—pg Yo

This is called the Euler equation.

3.0 Discussion
Solutions of the momentum equation result in velocity vectors J and pressure p which satisfy

both the momentum equation and the continuity equation. Given such a combination, [{ . p ], we can

check whether it constitutes a solution by substitution into the equations. How to find such a solution is
another matter and any general step leading toward this goal is useful. For two dimensional flows it is
possible to eliminate the continuity equation from the system of equations by using only functions which
satisfy the continuity equation. This elimination is a formal step toward a solution and functions which
affect this elimination and the stream functions.

And if the flow is defined as two dimensional when its description in Cartesian coordinates shows
no z-component of the velocity and no dependence on the z-coordinate. Such a flow can be described in the
z =0 plane, show a flow pattern identical to that in the Z =0 plane. The z =0 plane is therefore called
representative plane.
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Figure 1.0 m(r, &)

The figure 1.0 shows a representative plane for two-dimensional flow, with four streamlines
denoted by the letters A, B, C, D. the whole pattern may be shifted

In the z-direction parallel to itself. Thus the streamlines also represent stream sheets, i.e barriers
which are not crossed by the flow. The Mass flux entering at the left, between, say, streamlines A and B
must therefore come out at the right side without change. Because the distance between the two streamlines
accommodating this mass flux seems in the drawing to increase, the mass flux seems per unit Cross section
p-.4, must decrease from left to right. There is therefore some relation between the convergence and

divergence of stream lines and the vector p.( . Furthermore, because stream sheets are not crossed by the

flow, each sheet represents a certain mass flux per unit depth of stream sheet taking place below it i.
flowing between it and some particular stream sheet representing zero flux.
This mass flux is called the stream function and it is denoted by @

g =(0yYup)
= (- ox)(vp)

From which follows

OX -0
UA=—, Vp = —%

oy OX
Using planne polar coordinate in the representative plane and letting.
MB=pA+de

de =(rda(q, o)
dp=(dr)-qap)
From which follows
1o0¢p - 0p

==, 9 =
q.p F 30 qop ar
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