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Abstract: The idea of difference sequence spaces was introduced by Kizmaz [4]. Recently, Subramanian [12]
studied the difference sequence space |M (D) defined on Orlicz function M. In this paper we introduce new

sequence spaces that we call Musielak-Orlicz difference sequence space and denote it by 1, (D), the difference

paranormed Musielak-Orlicz sequence space I, (D, p), where M = (M, ) is a sequence of Orlicz functions, and
study some inclusion relations and completeness of this spaces. [New York Science Journal 2010;3(8):54-]. (ISSN:

1554-0200).
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Introduction

Orlicz [9] used the idea of Orlicz function to

construct the space (L™ ). Lindentrauss and Tzafriri

[5] investigated Orlicz sequence spaces in more
detail, and they proved that every Orlicz sequence

space I, contains a subspace isomorphic
wl,(LE p<¥).

Subsequently different classes of sequence
spaces defined by Parashar and Ghoudhary [10],
Murasaleen et al. [6] Bekates and Altin [1], Tripathy
et al. [13], Rao and Subramanian [2] and many
others. Orlicz sequence spaces are the special cases of
Orlicz spaces studied in Ref [3].

Recall ([3], [9]) an Orlicz function is a
function M :[0,¥) ® [0, ¥ ) which is
continuous, non-decreasing and convex
withM (0) =0, M (x) >0forx >0,
andM(X)® ¥ asx® ¥.

If convexity of Orlicz function M is replaced
byM (X +Yy) £ M (X) + M () then this

function is called modulus function, introduced by
Nakano and further discussed by Ruckle [11] and
Maddox [7].An Orlicz function M is said to

satisfy D o—condition for all values of u, if there exists
a constant K>0,such that

M (2u) £ KM (u)(u 3 0). TheD,-
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condition is equivalent to M (1u) £ KIM (u),

for all values of u and for | >1. Byw, we shall denote
the space of all real or complex sequences. The sets
of natural numbers and real numbers will denote by
N={1, 2,3, ...}, R respectively.

A linear topological space X over R is said to
be a paranormed space if there is a sub additive

functionJ : X ® Rsuchthat §(q) =0,

g(- X) = g(X) and for any sequence (X.) in X
such that g(x, - X) %a%4® 0, and any sequence
(a,) inRsuchthat|@, - a|¥a%® 0, we get
g(a,x, - ax) %%® 0 .

Lindentrauss and Tzafriri [5] used the idea of
Orlicz function to construct Orlicz sequence space

[ 3 X, |0 U
I, =ixI w:d M?Q¢<¥,forsomer>0

7 r

|

1%}
. The space 1,, with the norm

_ ; x |6 0
I x|l=infir>0:3 M ?if,l’ becomes a

T k=1 r o ?g
Banach space which is called an Orlicz sequence

space. For M(t) =tP , 1£ p <¥ , the

spaceIMcoincide with the classical sequence
spacel .
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The idea of difference sequence was first

introduced by Kizmaz [4] write

DX, =X, -X.,,, for k=123,..., D:n® u
be the difference defined by Dx = (Dx,),.,, and

M :[0,¥) ® [0,¥) be an Orlicz function; or a
modulus function.

Let | be the sequence of absolutely convergent
series. Define a sequence space.

I(D) ={x =(x.):Dx1 1}.The
space

[ . U
1,(D)=ixl nQ M@gdﬁfor somer >0y
1 k=L I g g

, with the norm

sequence

a8 Dx, |0

I g

‘| ¥
I x|=infir >0:Q M O 1y

1 k=1

becomes a Banach space which is called an Orlicz
difference sequence space I, (D, M) , see [12].

Asequence M =(M,) of Orlicz

functionsM, kT N is called a Musielak- Orlicz

function, for a given Musielak-Orlicz function M .
The function

w - Ww® [0,¥]; |M(x):§ M (x); " xT n
k=1

is convex modular.

The Musielak-Orlicz function space |,
generated by M = (M, ) is defined by

[N 3 X, |0 1]
I, =ixl w:q M =<¥,%$r >0y,
1 k=1 I g

with the norm

||x||—|nf| r>0: a M %ﬁ £lg|sa
1

Banach space seeing [8].

and I,

We define the following new sequence space
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Definition: Musielak-Orlicz difference sequence
space I, (D) is

Dx, |0 ]
=<¥,$r >0y

r o

, where M = (M, ) is a sequence of Orlicz

¥
1,(D)=ix] w: g M
k=1

—_) ——

functions. With the norm

||x||—|nf|r>0 a|v| %ﬁ £1¥
1

IfM, =M " k1 N, thenl,, (D) reduces to Orlicz
difference sequence Space studied by

Subramanian [12].

Theorem(1): The space I, (D), where

M =(M,)/_,is a sequence of Orlicz functions is a
Banach space with the norm

||x||—|nf|r>0 a|v| ?ﬁ £19
i I o ?5

Proof:
Let x"be any Cauchy sequence in I, (D), where
x® = (x0) =(x, x0T 1, (D)" il N. Let

€
I, X, > Obe fixed, then for eachemmm> 0,
I’X

there exist a positive integer N such

XD [|< e
0

that|| x™ - i,i3 N.

Using the definition of norm we get

¥ (i) _ (ON
A M, i 21", 3 N

a M
k=1 ”X(I) x\) b &

M _ px@ 1§
M, el £ 1 * k| 17
X - x5 g

I,J3 N. Hence we can find r >0 with

v, B0 kT
ek g

, and"
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such that

x® - Dx? 16 «
MKHiE Mkw O Since M, is
IX7-xPlpg ek g

non-decreasing” k T N. This implies that

) _ (1
J%H'.X,dg%ap

X - Xl

(i) (i M) - ) | <ot
|ka DX |£ ”X - X ” < cmta—— -

k rx, k

Therefore " €(0 < € <1) then$ a positive integer
N such that
| (Dx - DxP) +......... +(Dx{" - Dx\") £

i j i j €
| DX - DXV | +.......... +|DX§)-DXé‘)|£k?
P (Dx" - DXV |+, +|(Dx" - DXV IE e
Since

|Dx® - DX e DX - DX |+ | X0 - DX}

,we get| Dx(" - Dx\V [E " i,j3 N.
Therefore (II))(iE"))j-‘:1 is a Cauchy sequence in R, for

each fixed k . Using the continuity of M, * kT N,
we can find

N aDx” - Lim,,,Dx{ |0

that é M ké—_El Thus
k=1 r g

Taking infimum of such 7 's we get

(1)
|nf| r>0: a M ?H—Elife
)

"i3 N,since DxVT 1,,(D) and M, is

kT Nthen DxT 1,,(D). This

continuous "

completes the proof.
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Theorem(2): Let M =(M,) be a Musielak-

modulus function which satisfies

D condition, then (D) 1 1, (D).

¥
Proof: Letx] 1(D)P é'DXk'EN, since M, is
k=1

non-decreasing " k1 N
p éM l—l“EgM —£ KIM, (N)

By D2 condition, therefore 1 1, (D) .

Paranormed sequence spaces:

Let p = (P, ) be any sequence of positive real

numbers, then in the same way we can also define the
following sequence spaces for a Musielak—Orlicz

function M as | extended to 1(p)

N

P
M(D’p):““ Wa oM %@ <¥,$r>oy
=p* ki

Note: If p,

thenl,, (D, p) =1,, (D).

Theorem (3): 1, (D, p) is a complete paranormed

space with
.i. P é uP ‘% u
. Tk S¥ e Joo © |
g (x):lnf|'rH :€a €M, i U £ly
i p
Forlf p, <¥ " ki,
H =max{Lsup, P,}
Proof: Let X be any Cauchy sequence
inl,, (D, p), where
X0 =(x" % % )T 1, (D,p)"il M. Let

€
r,X, >0is fixed. Then " emmm>0 $a positive
X

0

integer N such that
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* i i E HE
Irx

0

definition of paranorm we get
L
¥ M _ pyth g™ U
&3 &M i 2> (i £1,
A k *(X(I) - X(J)) iy e
gag &l o {

Sincel£ p, £¥ , " k1 N. It follows that

(i) _ 1
M, ?X . DX. ~£1," k3 land"

X B
Hence we can find r>0 " k| N with Mkag—kﬂb9>l
ek g

M _ pxD 1 .
such that M, I?X . DX. i£Mk§%9.
TOT- )5 ek g

Since M, is non-decreasing" kT N We get
) _ (1)
J—M D £
g (x-xP)y k
b | DO - D IE%-Q*(X“)- Xm)ELk g :f
)

> (D~

i,j3N.

. Therefore for each 0 < & <1then there exist a

positive integer N such that
|OF- D). 400 - DP)E
O0- D). HOF - DR

.Since

|- D) | - DO - D)

we get
1D - Dx [E e, " ki

Therefore (II))(&"))T:1 be a Cauchy sequence in

R, for fixed k. Using the continuity of M, " kT 1,
we can find that
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1
€y @ Dk - lim ,, DxV g0 U
?é’l@lvlkag_l—k ™ U £1
G1g r o N
L
€y @ aDy - Dx|o0 U
P &g M?ﬁbl: 0 £1
=1 r ] H
Taking infimum of such 7 ’s we get
L N S
ok gh e Dx” - Dx|ou = 0
infir*H ?éél\/lk%:u u £1y<e
[ p

"i3 N,and j® ¥.

since (x)T 1,,(D, p)and M, is continuous
" kT Nit follows that xT 1, (D, p).
Theorem (4): Let 0< p, <, <¥ " kI N,

thenl, (D, p) i 1,(D,q).
Proof: Let X1 1, (D, p)

¥ z ..\Pk
b é M, Dx dJ <¥  then
k=1 Pry s m

Mk@g£l " kT IN. For sufficiently large k,
r g

since M, is non-decreasing. Hence we get

P

£ 6 aDc |0l &6 aDx o)
aélvlk?ﬁdsm £§ oM, gz <¥
k=1 @ r A k=1 @ r

¥ é i
b & M, glmadd; <¥.

k=18 I @

p xI 1,(Dq).

Theorem(5):

(@) LetO<inf, p, £ p, £1" k1 .
Thenl,, (D, p)i 1,,(D)
(b) Letl£ p, £sup, p, <¥ " kT . Then
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1, (D)

Proof:

1, (D p).

@ Forx1 1,,(D, p), then

¥ é < Pk "
g v BAY v ngﬂdggl
k=1 @ I A r g

For sufficiently large k, since

O<infp £p, £1" ki N

O+

¥
Dé’le £a
k=:

:18 E
¥

b éMky;éA b xI 1
k=1 r

() ForP, 31 " kI Nandsup p, <¥ and

u (D) wegeta M F <¥b

Dx
’

QI--O:
QIIO
(SER

O:

w (D)

Q

5
M, =£ 1. For sufficiently large k,

sincel £ p, £sup p, <¥ " kT 1, we get

‘o By, )
égmkéux ) £8 Mké;d9<¥
k=1 ' @5 «a r g

w (D p).

T
e

=~
{0l

&
k@09<¥ p xl I
1 I o9

Theorem(6): LetO£ p, £q, " kT N and? be
P«

bounded, then I, (D, @)1 1,,(D, p).
Proof: Letx1 I,,(D,q)
(i.e)
g €
é el\/lk@ <¥ and
k=1 @
g e
=a el\/lky:u and/, -ﬁ Since
k=1 k
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P £0" kTN

thereforeO £ /, £1" k1 N.Take0</ </,
" k1 N. Defineu, =t, (t, 3 1);

u, =0(t, <l)andv, =0(t, 3 1),

u, =t (t, <1).t, =u, +v,. (i.e.)

t, I =uk/k +Vk/k .Now it follows that

u't £u, £t and v, £v,” (D).

¥
ie)a t" =a (u, +v.)"

k=1

=

i QJO*K

1
§ £
Pat £a u +av
k=1 k=1

¥
b A L EQ L+AY.
k=1 k=1 k=1

By using equation (1), we

thenl,, (D,q) 1 1, (D, p).

Theorem(7): Let1£ p, £sup, p, <¥ " kT 1,

then 1,,(D, p) whereM =(M,) be a Musielak-
modulus function is a linear set over the set of

complex numbers.

Proof: is easy so omitted.
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