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1. Introduction

Hilbert space frames were originally introduced
by Duffin and Schaffer[2] to deal with some
problems in non-harmonic Fourier analysis. Hilbert

£
€ — modules are generalizations of Hilbert spaces
by allowing the inner product to take values in a

c’ - algebra rather than in the field of complex

£
numbers [4]. These frames are called Hilbert € —
modular frames or just simply modular frames. These
concepts are generalizations of some results in [11].
In this paper firstly we recall some basic

£
propertics in Hilbert € — modules, secondly by
using adjointable module homomorphism on Hilbert

2
E3

C  — modules and on ( )we construct some

frames and finally we present a relation between

£
standara frames in Hilbert € — modules. Our
references for Hilbert space are [1] and [6].

2.Perliminaries
£
We review some basics about Hilbert € —

£
modules and Hilbert € — modular frames.
For basic notaions and theory for Hilbert
E3
C  —modules see[5,7,9,11].
In this paperD will denote the set of natural
numbers and J will be a finite or countable Subset
of i .
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£
Definition 2.1. Let 4 be a (unital) € —algebra and
H be a (left)4-module. Suppose that The lincar
structures given on 4 and H are compatible, i.e.

Aax)=a(Ax) ieC,aed

for every
andX € H | Agsume that there exists a mapping

<.,.>:H xH — A

with the properties:
(i)<x’x>20 for every X € H |
()2 ) =0 i onty i ¥ =0

(i) er) =)

k]

every
x,yeH

(iv)(ax,y)za(x,y> for every
XY EH,andevery aed

(v)(x +y,z>=<x,Z>+<y,Z> for every

x,y,z el

Then the pair {H’<’>} is called a (left)pre-

Hilbert 4-module. The map <’> is said to be an A-
valued inner product. If the pre-Hilbert 4-module

{H ()}

is complete with respect to the induced

1
norm ”x ” - ||<x - >||2 then it is called a Hilbert 4-
module.
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In this paper we focus on finitely and countably
generated  Hilbert  A-module over  unital

%
C  —algebra A. In case A is unital the Hilbert A-
module H is (algebraically) finitely generated if

XX +CH
e ”}_ such that

every eclement X €H can be expressed as an A4-

j=l’l
X :Zajxj’ a, €4
=l

there exists a finite sct {

linear combination . A
Hilbert A-module H is countably generated if there

{xf}- cH
exists a countable set = ° /<N such that the
set of all finite A-linear
a.x . p,a. €4
o { j J J J )
combinations , 1s norm-dense

in H.

Definition 2.2.(see [4]) Let A4 be a unital

£
C  —algebra and J be a finite or countable index

{x,}
set. A (finite or countable) sequence Tiel of
elements in a Hilbert A-module FH is said to be a

C,D)0

frame for H if there exist two constants
such that for every X € H

C <x X > < Z(x X ><xj X > <D <x X >
(0] e
If for every X € H | the series in the middle of
the inequality (1) is convergent in norm, we say that
the frame is standard. The numbers C and D are
called frame  bounds. Likewise, sequence

{x | } |
T)jer is called a (standard) Bessel sequence
with Bessel bound D if there exists D>0 such that

Z(x ,x_,.><x_,.,x > <D <x ,x>

jed
x4
The sequence /€ satisfies the lower
frame bound if there exists a C>0

C(an>SZ<X’X,/><X,f’x>

e
x4
The frame J€7is saide to be a tight frame
if C=D, and said to be normalized if C=D=1.
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We consider standard (normalized tight) frames

on finitely or countably generated Hilbert 4-module
X

over unital C — algebra 4. For a unital

*(4
c’ - algebra 4, let ( ) be the Hilbert A-
module, see[4], define by

(2(14) = {{aj }jEJ cA4: % aja; converges in ||||}

jel
{xj } :
For any standard frame Je of a finitely
or countably generated Hilbert A-module H, the

X .
frame transform of the frame { / }f ¢/ is definded to
be the map

o(x):H 02 (4) 9(x)={<x,xj>}
that is bounded, A4-linear and adjointable with adjoint

6?*(x):€2(A)—>H , H*(ej)zx
{ej}

2 .
moduleg (A) andall / € J . See[5] Moreover for

every X €H
j§]<x’““j><x1’x>

2
o(x )" =(e(x).0(x)) =
Therefore € is one-to-one with a closed range
which is complemented in

?(4) 2 (4)=0(H)+Ker (x)

J

for a standard basis jet of the Hilbert 4-

. We note

0" |o(H)

that is an invertible operator and the

|
s =(9 )
bounded operator on H such that for every X eH
()
= ,Sx . .= X . )Sx .
x j£]<x xJ>xJ j§]<x xj> x]

Sx.}
J jel

frame operator is a positive invertible

The sequence is a frame for H and is

{xj}je].

called the canonical dua [ frame of

jeJ
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),
Now suppose that T)jer is a Bessel
sequence of a finitely or countably generated Hilbert
A-module H, the associated analysis operator

2
Ty :H—>/0"(4
X ( ) is defined by

T = . .
x j§]<x,x]>ej

T
Note that analysis operator X i adjointable
s *

T e.=x.
X fasns X 77T forall).
this paper, we denote by

x eH.

and adjoint
Throughout

L (H’K) , the set of all adjointable maps from H to

L(H,H) L(H)

K and as usual we abbreviate by

*
3.Construction of frames in Hilbert C - module

%
Lemma 3.1. Let // and K be Hilbert € —modules.

o,
) If J)jel is a Bessel sequence in H with

{Tx }

, then J Je‘]is
2

ol

satisfies the lower frame
condition and there exists a positive constant B such

T eL(H.,K)

bound D and a

Bessel sequence in K with bound

(i) 1f {xf }jeJ

that for every y el (H) )
* *
B(y,y)£<T v.T y> then {Tx.f}_,-ej
T(H)

satisfies the lower frame condition in .
Proof. (i) By proposition 1.2 of [8] for every yEK we
have

5

(ii) For every

2 2

X
jel

- ZKTUJ->
jalt 7

Y GT( ) we have

£D<T*y ,T*y>£|D|||T||2 (v.7)
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*

CB <y,y>SC<T

2
<y JIx >‘
J

In the following theorem we give a necessary

.=Tx .
{y] xJ}jeJ

*k k
y,T y>£ > KT y,x~>
jel J

= 2
jer

and suffient condition for to be

standard frame of r (H) .

X .
Theorem 3.2. Let { / }f ¢/ be a standard frame of H
with bounds 0<C<D and T be a module map in

L(H,K)

, Then the statements are equinalent.

{ij}

(i) The sequence /€7 is a standard frame

of r (H) ;
(if) There exists a positive costant B such that

*

T gatisfies:
B(y,y)<(T'y.T"y)

y el (H),

{ij}

(H) with lower bound C’ .

(&)

For every

Proof. Suppose that /¢ is a standard frame of

T

Then for every y er (H) ,

2 2
*
C'{y.y)s % Ky,Tx >‘ =3 KT X >‘
jel T /
LS *
SD<T y,I y>
O]
From which, condition (3) follow with

B=C/,

The converse follows from the above lemma.

{xv,}

Moreover since 7€) is a standard frame
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‘2
is convergent in norm, so

is convergent in norm for every

{T X }
In previous theorem if ©  ’’7¢/ is a standard
frame in K, then by the reconstruction formula (2),

{ij}

T(H
standard frame of K it is necessary than ( ) be
dense in K and consequently the assumption

T(H)=K

r (H) is dense in K, so for 77 t0 be a

yields the following result.
4
Corollary 3.3. Let = ' ’/</ be a standard frame of
H with bounds 0<C<D and T be a module map in
L(H.K T(H)=K
( ’ ) such that ( )
statements are equinalent.
{T xi}
(i) The sequence '
of K ;

(it) There exists a positive costant B such that

*

T gatisfies:
B(y.y)<(T"y.T7y)
y ek

. Then the

7€/ is a standard frame

®)

for every .

Remark. (a) There exists a Hilbert 4- module A and
Tel *

a module map ( )such that T is injective,

r (H) = H [(cf[10], Exercise 15.F). For this

but
reason, in corollary (3.3) we supposed that
T(H)=K T(H

( ) . But if ( )is a complemented

submodule of H then condition (5) implise that
T(H)=H
(b) If T is a self adjoint module map in

L(H) , y :
and satisfies condition (5), then T is
invertible(cf. [7], Lemma 3.1). In particular T is

T(H)=H

surjective. Then

71

EE(H) and T(H) is

T(H
closed. Then ( ) is a complemented submodule

T(H)®KeT =H

T
(¢) Suppose that

of H and (cf- [8], Theorem
3.2). if T" satisfies condition (5), then
KerT"={0}  T(H)=H

X .

Corollary 3.4. Let { ! }f </ be a standard frame of
H. If T is an adjointable module map from H onto K,
then the statements are equivalent.

. {yj :ij}-e, .
(i) The sequence /< 1is a standard
frame of K ;

(if) There exists a positive costant B such that

*

T satisfies:
B(y,y)<(T'y.T"y)
y ek

6)

for every .
By Corollary 3.4, we can construct some
standard frames for a closed submodule of H, with a

given standard frame.
T eL(r’(4))

Now, let and  let

77 - {77] }/ eJ :
be a standard frame of H with bounds
C” and 7and frame transform 0’7 . We use T to

construct the sequence { / }-’ </

o £ =0*(T (e, )) , (jeJ)

, where

Such that
r (e.i ) = ;aﬁe.i > {a.ii }jEJ el*(4)
then '

0, (T (ej )) = ;aﬁ 0,(e,)=2a,m,

jeJ
£=16,.
But the sequence 7
standard frame for H (e.g. T=0).

Now we want to make { / }-’ </
frame under an appropriate condition on 7.

{77.1' }f </ be a standard frame of H
D, T eL(r*(4))

with bounds ~7and 7 .1
the following statements are equivalent.

is not always a

a standard

Theorem 3.5. Let

then
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({) The sequence

{51 }/'GJ
of H defined by (7) ;
(ii) There exists a positive costant B such that

*

T gatisfies:
B(y,y)<(T'y.T"y)

is a standard frame

el (H
for every ) ’7( ) where is the frame

).

Si
Proof. Suppose that{ ! }/E‘] is a standard frame for
H defined Dby (7). Then there are constants

0<C.<D
g £ such that for every X €1

C§<x,x>éZ(x,fj)(fj,x)S(Hf(x),Hé(x )>

jeJ

SDL?(x,J‘c)

transform of

@®)

Where ¢ is the frame transform of

6.
Also for every " €J andx € H
<9§(x),en>=<x,0;(en)>=<x,§n>=<x,9;(T (en))>
({6, c)<.
Since the set of A-linear combinations of
te },- 7 is densein £ ),we have
© 0. =T "On

So, by using the left inequality of (8), and (9),
we conclude that

Colex)<(0,().0,(x))

=(1°6,(x).76,(x))

for every X € H  Then

€ {0, (x).6, () €. o)

<(1°6,(x)7°6,(x))

for every X € H ' Therefore sufficient we take

72

Conversely, by using Proposition 1.2 of [§],

Z|<x,77_,>2

since for every X €1 | je7

is convergent

in 4, we have for every X el ,
* p %
CypB (x5 ) < B (6 (x).0 (x)) (T 76y (x).7 "6 ()

e]<x’§j>2 <x’"j>

=3
J

< (g )03 ) =1z,

2
S||T|| D,7 <x,x>.

6

/€7 is a frame with frame transform

0.=1°6,

There fore

4. Relation between standard frames in Hilbert 4-
module

The aim of this section is to characterize all
standard frames of . In theorem 4.2, we will show
how any two standard frames of H are related with

each other.

X .t Vo
Definition 4.1. Frames { / }-’ ¢/ and { / }-’ S of H
and K, respectively, are similar if there is an A-linear
adjointable, bounded operator T':H—>K geh

T<x'i):y'f and T is

m} £}
Theorem 4.2. Let { / }/6’ and { ! }JeJ be a
standard frames in H and K, respectively, then they

{’71' },GJ

is a frame in K which is

o 167)

that for each /€Y
invertible.

are similar. Conversely, if is a standard

frame in H and{gj }/‘ eJ

{77,- }jeJ

similar to , 7€/ also is standard.
Proof. If 7 and *° are transforms frames for
;5. iy,
{ / }'/ </ and { ! }’ e/ respectively,  then
0 (H 0.(H 2
g ( )and g ( )are complemented in ( ) .
Therefore the orthogonal projections
.2 . )2
p:i(4)—>6,(4) g 430 (4)—>0.(4)
are adjointable. If we take

T=6"opof :H —>K
: °P°5 , then T is an A-linear,
bounded adoptable operator with such that for
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hj EJ’ T*(‘fj):n'

eac 7 and similarly the map

U=6'eqo0.:K >H

is adjoitable with

U'=0,0q00 " :H>K
jes U(m)=¢

ruv :ldH . Therefore we have the result. The
converse is obvious.

such that for each

/. Hence vur :IdK and

Acknowledgments
The authors would like to thank references for
giving useful suggestions for the improvement of this

paper.

References

1. Arambasic, Lj., On frames for countably
£
generated  Hilbert C — modules, Proc.
Amer.Math. Soc. 135 (2007) 469-478.
2. Duffin, R., A, Schaeffer, A4 class of
nonharmonic Fourier series, Trans. Amer.
Math.Soc.72(1952)341-366.

3. Frank, M., D. R. Larson, Modular frames for
B
Hilbert € —  modules and symmrtric

approximation of frames, Proc.SPIE4119(2000)
325-336.

7/5/2014

73

10.

11.

Frank, M., D. R. Larson, Frames in Hilbert

%
c’ - modules and € — algebras, .
Operator theory 48(200) 273-314.

Frank, M., D. R. Larson, 4 module frame

£
concept for Hilbert € — modules, Contemp.
Math. 247(1999)207-233
Han, D., D. R. Larson, Frames, bases and group

repersentations, Mem. Amer. Math. Soc.
147(697)(2000).

B3
Jing, W., Frames in Hilbert C — modules,

PhD thesis, Universityof central Florida, 2006.

%
Lance, E., Hilbert € — modules- A Toolkit

for operator Algebraists, London Math . Soc.

Lecture Note Ser., Vol.210,
University Press, Cambridge, 1995.

Cambridge

%
Hilbert € —
Providence, RI,

Manuilov, V.,
modules, Amer.
2005.

E.Troisky,
Math.Soc.,

%
Wegge-Olsen, N. E., K-Theory and € —
algebras A  Friendly Approach, Oxford
University Press, Oxford, 1993.

Wood, P., Wavelets and Hilbert modules, J.
Fourier Anal. Appl. 10(2004)573-598.



