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1. Introduction

There are many diverse applications of a certain
phenomena for which it is impossible to get a relevant
data .It may not be possible to measure essential
parameters of a process such as the temperature inside
molten glass or the homogeneity of a mixture inside
some tanks. The required measurement scale may not
exist at all, such as in the case of evaluation of
offensive smells, evaluating the taste of foods or
medical diagnoses by touching [1-9]. The aim of the
present paper is to describe the above phenomena
geometrically, specifically concerning with the study
of the new types of fuzzy retractions, fuzzy folding and
fuzzy deformation retract of fuzzy fundamental groups
inM “.

A fuzzy manifold is a manifold which has a physical
character. This character is represented by the density

function LL, where L1 € [0,1] [9].
A fuzzy subset (A, £) of afuzzy manifold (M, )

is called a fuzzy retraction of (M, L) if there exist a

continuous map T : (M, z)——>(A, i) such as

f(an@)=(an@) vacApnelr,s

10].

Afuzzy subset (M , [t) of afuzzy manifold  ( M, 1) iscalled

a fuzzy deformation retract if there exists a fuzzy retraction

F:(I\_[_I,u) —_ (@,ﬁ) ) and a fuzzy homotopy
@ (M, u)x1 — (M, z) [11]suchas

@((X, £0),0) = (X, £2) }
P (%, 1)) =T (x, 1)

o((a, u)t)=(a 1), ¥(a,u)eM,tel, uel0]]

I (X, 1) isthe retraction mentioned above.

eM

Where

A map 5: M RN M * is said to be an isometric
folding of fuzzy submanifolds in M into itself iff for any
piecewise fuzzy geodesic path 7 :J — M * is the induced

path 507/ JoM* of a piecewise fuzzy geodesic and is
of the same length as 7, where J =[0,1]. If 5 does not
preserve lengths and 5 is a topological folding of fuzzy

submanifolds in M 4 [13-19].

2. Main results


http://www.sciencepub.net/newyork
mailto:a_elahmady@hotmail.com
http://www.sciencepub.net/newyork
http://www.dx.doi.org/10.7537/marsnys180725.01

New York Science Journal 2025;18(7)

http://www.sciencepub.net/newyork

NYJ

Theorem 1. The fuzzy fundamental group of types of fuzzy

deformation retracts of M * is either isomorphic to Z  or
is a fuzzy identity group.

Proof. Now we will prove that S~l1 and S~2l are the fuzzy
deformation retracts of open fuzzy Minkowski space M 4.

Consider the fuzzy Buchdahi space B * [13, 16, 19, 20].

With used fuzzy cylindrical coordinates Z (), I (7), @) and
t (5 with fuzzy metric

ds? =2 (y dr2 () +r2(m)d 62 () +
r2()sin 0(7)d ¢ () + p "t % () (1)
Since y:%In BC ,ifB=Cthen y =InBC ,

where INB =1 implies ¥ =1. Hence (1) becomes
ds? =—dr?(p)-r2(n)d 6% (n) -
r2(m)sin® 0(7)d g2 () + p "t 2(n) (2)

Which is the fuzzy metric of M *. The fuzzy cylindrical

coordinates of M *is given by

;_ %1 S 33
X171 Sm(l—ir(n))cos(l—ir(n)sin 9(77))
.S S ) S3
X271 Sm(l—ir(n))sm(l—ir(n)sin 9(77))
X, = 1 cos( "2 ) (3)
3 1-i  1-ir(n)
K, =—a

1-p-1

Where s,,S5,,S; and S, are the constant of
integration. Solving the Lagrangian equations we
obtain fuzzy geodesics and retractions in M 4given
by

a fuzzy hypersphere S. 11

—X~12—X~§—X~32+X~f =0, on the null cone and
fuzzy

. <1
great circle S,

2 52 G2, 2 S; 2 S, 2
X, =X, —X5+X; = -)" +

1 2 3 4 (1_|) (1_\/m)
in M* and also fuzzy great sphere 512 ,
Sl

2 S, 2
B oy ey
in M 4

The fuzzy deformation retract of M *is given by
M =l ->M “~{iz3})

where (M “~{ii}) is the open fuzzy Minkowski

72 g2 g2 g2
_Xl_xz_X3+X4—(1

space M “and | is the closed interval [0, 1].

The fuzzy retraction is of (M L@} is
R:(M *—{&}) —S;.S;,S2.

The fuzzy deformation retract of (M “~{@ }) onto

afuzzy retraction S} < M * is given by

TR P V.
&(m,c)=cos ) {(1_i sm(l_ir(n))cos

°3 N e 2
(1—ir(77)sin 6’(7]))’1—i Sm(l—ir(n))
S

3 ol
sin(— - ),—=—C0S
1-ir(n)sind(n)” 1-i
>2

3
(1—ir(77)),1—\/m

where

1+sin %{o, 0,0,0

S S

2 3

) cos(

- S
E(m,0) ={(—L-sin(
1-i

1-ir(n) 1—ir(77)8in6’(77))'

S . S5 _ 53
1-i Sm(l—ir(n))sm(l—ir(n)sin 9(7;))’

il

1-i

and

cos(—2 ), 4y
1-ir(n)" 1-/p-1

£(m,1) ={0,0,0,0}.

The fuzzy deformation retract of (M “~{@ }) onto

a fuzzy retraction St < M * is defined as
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Em.e)= g sin 2

1+c "1-i 1-ir(n)

>3 w2
Os(l—ir(n)sin 6’(77))’1—i sin( —|r(q))

S

3 1 2
( —|r(77)3|n9(17)) 1-i (1—|r( ))

E =L

The fuzzy deformation retract of (M “~{iz }) onto

e -D{00 1)

a fuzzy retraction §12 <M * is defined as

£ —ne@o) Sl ; 32
&(m,c)=Ine {(1—i sm(l—ir(n))
°3 *L g2
0S(l—ir( )smH(ry)) 1-i sin( —ir(n))
sin——3 ) oo 2 )
1—|r(77)3|n9( ) 1-i 1-ir(n)

et 1 -sin %2 ),0

1- J_ 1-ir(n)

S
(CLyoos(—2 ) (— ey

1-i 1-ir(n)” 1-\p-1
Thus,  ,(M* —{i}) = 7,(S,)
ﬂl(S~11) is isomorphic to the fuzzy identity
m(M*—{u})=7,(S;) s
isomorphic to Z Moreover,
i, (M* —{i}) = ,(S.?) is isomorphic to fuzzy
identity group.

.Therefore

group  .Also,

Corollary 1. The fuzzy fundamental group of the
fuzzy deformation retracts of (M *—{/z }) induce
two chains of fuzzy fundamental groups up and down

M *~{}) .

Theorem 2. The fuzzy fundamental group of the fuzzy
folding of S: =M *
the fuzzy identity group.

is either isomorphic to Z or

Proof. Now, we are going to discuss the fuzzy folding
JofS;cM *

Let 5:S1cM *>S1cM

where J(X,,X,, X3, X,) = (X],X,, X5, X,).
An isometric fuzzy folding 3 of s"; =M % into

itself may be defined by
Sl

S{O’O—ll\/_}{”—ll\/_

This type of fuzzy folding and any fuzzy folding
homeomorphic to this type of fuzzy folding does not

induce singularity of S~; —M “ Then

7, (S, © M*Y)=Z.

Now, if the fuzzy folding is defined as
S(X~1’X~2’X~31X~4) = (X~11X~2’X~3’|X~4|) :

An isometric fuzzy folding J of §21 =M *into

itself may be defined by
S,
1-Jp-1

~ S S

:;{O!Ol 1. 1 2 } { 1 Yy
1-i 1-p- 1-i

This type of fuzzy folding and any fuzzy folding

homeomorphic to this fuzzy folding induce

singularity of ST M “, and thus 7,(S, = M *)

is isomorphic to the fuzzy identity group which is
two chains of the fuzzy pointing up and down the
density function7 .

Corollary 2. The fuzzy fundamental group of the fuzzy
folding of S; =M *

induces two chains of fuzzy

fundamental groups up and down S:; =M *.

Theorem 3. The fuzzy fundamental group of the limit

of the fuzzy foldings of §12 in M “*is isomorphic to

Z.

Proof. Now consider the fuzzy great sphere 512 of
dimension two,

)+( \/E)

which is a geodesic in M * and let

—XZ—X2-XZ+X? —(
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: §12 cM* > S~l2 —M*bea fuzzy folding,

iy

now we can define a series of fuzzy folding maps by

3,:3,(5. cM* 5>S2cM?) ,
3,:3,(3,(52 cM* 5S2 MY .,
303, (3,3, 5.3,(3,(52 < MY).)
5 3.,(3,,(3, ...\s2(51(8~12 =M9)..),

Ilm n—a Sn (Sn—l (3n—2 (Sn—?:"'
is a fuzzy circle (§21c M 4) of dimension one.
Therefore 7, (S, < M *) is isomorphic to Z .

Theorem 4. Under the

[, (%%, %5, X

fundamental group of the limit of the fuzzy folding of

fuzzy  folding

>t

X, X5, X the fuzzy

the fuzzy geodesic S~12 =M * isisomorphicto Z .

Proof. Now consider the fuzzy geodesic §12 M *
of dimension two and let
I1, :S~12 oM* —>S~12 —M* be given by
Hm (X1 X5, X5, X,) = ()(1’)(21)(3'|):n_4|)-

Then, the isometric chain fuzzy folding of the fuzzy
* into itself may be defined by

S

geodesic §12 cM
S )

1 2 Sy 2 Sy
[, { 1-i Sm(l ir(n))’o’(l—i )Cos(l—ir(n))’(y\/ﬂ)}
S %2 S . ‘ 5 ‘
_){1—ism(l—ir(n))’0(1 T ir(n))' - p-1}'
[4-L sing—2 )0, Joos(—2 ), %
i () L 1—ir(n)’1-Jﬂ\

g2y o (S
{ |Sm(1—|r(n))’0(1 )cos(l |r(n)’

3,(5,(87 =M*)..)

S,
s s
[T Lsin—2 0,3 yoos— 2y [1NPLy
nYoi -ir() - 1|r(r;) m-1
S,
s s s _fo_
Lsin—2 0,5 oo —2 ) [FVP )
1-i  1-ir(p)  1-i 1-ir(n) m
Then we get
s
: 1 o 2 Sy
lim = sin ,0,(—)cos
e L1 {1—i (1—ir(77)) (1_|)
s
2
,0}.
g™
Thus, —X{ —X2—X;+X? =( Sli )2, is the

fuzzy great circle S; < S7 < M* in M * with

= 0. Therefore 7[1(§21 =M*)is

X2=X4

isomorphic to Z~ . Also, the fuzzy fundamental group
of types of the limit of fuzzy foldings and any fuzzy
manifold homeomorphlc to the fuzzy great circle

S C S cM*is |somorph|ctoZ .
Theorem 5. Under the fuzzy folding

X X
[1, (%%, %5,%,) = ('ml' |m2|, X3 Xa).,
the fuzzy fundamental group of the limit of the fuzzy
foldings of M “*is isomorphic to fuzzy identity
group.
Proof. Now let [, :M* —>M*

[T (%%, %5, %,) = ('X1| 'X2|

Then, the isometric chain fuzzy foldlng of M * into
itself may be defined by

be given by

X3:X4)
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s, s S, S, ., S, . S,
| K ey 11 G e o)™ i )sin e(n))‘
S . S, . s, m-1 ’
—Lsin(—=—)sin(———= ),
=i 1-ir(p) L=ir(n)sind(n)
S, 32 S 52 S,
1—)c05(1 0 1\/— (1—i)COS(1—ir(n))’1—\/ﬁ}_)
s hosinl oot
ir(y Tir(siné()| 1-i 1-ir(p) - 1-ir(n)sin6(n) |
% —sin( % sm( % ‘

1-ir(p) 1-ir(p)sin 9(77)) |

. 5, i >
i) i gsingtg)

Sy 2 S
) Lt m /
. 1 2 s3
H 41 |Sm(1 ir(n))cos(l—ir(n)siné)(n))’ (571)005( 59 ) S, ).
s s y =i 1-ir() 1= Jp—1
1—iSm(l—ir(n))sm(l—ir(n)sin9(77))' Then we get

S

lim . ] —{00( 1)cos(
s, S s Mo
(oo —L ) — =} " J
1-i" 1-ir(n) 1-yp-1 .
Thus
S, .. S, s, '
—Lgin(—2—)cos(-———— ) S
1-1 1—|r(7]) 1—|r(7])3|n9(7]) _X~12_)'(22_)(§+X _(( ) ( 2( )))2
2 ' 1-ir(n
S
H—F—=)"
Sgin( % sin(—— ) tovpd -
=i 1-ir(n)” “L-ir(n)sind(n) which is the fuzzy hypersurface M in M * with
2 O X~1 = X~2 = 0 .Therefore 7,(M2c M %) is
isomorphic to fuzzy identity group and any fuzzy
(S—l)cos( 32 ) S, ) manifold homeomorphic to M ;
1-i7 T 1-ir(p) 1-4fp -1
s . S S Theorem 6. Under the fuzzy folding
G i o)) O i oy sinen) N Sy
I.: 1-i  1-ir(y) 1-ir(n7)sin 6(n7) [T, (% %,%, %) = (===, =)
m’ m_1 m mm m m

the fuzzy fundamental group of the limit of the fuzzy
foldings of M “*is the fuzzy identity group .

Proof. Consider the map T1, :M* — M*
be given by
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% ] (%] [

H (X1, X5, X5, X, ):(W Y )

m
Then, the isometric chain fuzzy folding A
itself may be defined by

fM “into
. Sl H S2 SS
Hf{ﬁsm(l-ir(n))cos(l-ir(q)sin 9(;7))’

m
of

S, S, . s,
" ™ s

Sy S2 54
(1 )Cos(l—lr(n))’l— p—l}_)

a1 S 2 5
L. #1 i) Wirsna) |

S, S, . S,
S ™ i sina) |

§ 52 ‘ S4
(T)Cos(l ir(n))' - p—l#_)

S, 2 3
#14Sm(1—ir(n))cos(l—ir(n)sine(n))’
s—l_sin( % sin(— % )
-1 1-ir(p)  1-ir(n)sind(n)

S, S 08 |
(1—)cos(1 ‘0 )) \/p_}’

S v S 53
1—iSm(l—ir(n))cos(l—ir(ry)sin@(n))

) :

S, . S, ; 5
2 ™ i sina)
2

Sy 52
0 i)

Sy
) 1—,/p—1‘
) — }

S 5 53
o sm(1 ir(’7))003(1_"(’7)5"19(’7))
[L:

m-1

S, . S, . S
e ™ singto)
m-1

3

S S,
1p1

m-1

5,
cos(
(1—| 1-ir(n

m-1

1o

S, . S >
1= i) i singtn)

s, S,
M e i sinen)

m
S 32 S
(et ir(q)) 1—\/p—1}
. , .

Then we getlim_, Hm ={0,0,0,0}. Thus, it is a

fuzzy point and the fuzzy fundamental group of a
fuzzy point is the fuzzy identity group.

Theorem 7. The fuzzy fundamental group of the end
limits of fuzzy foldings of the n-dimensional fuzzy
manifold F" homeomorphictoM " into itself is the

fuzzy identity group.

Proof. Let éfl:lf“ —>F" be a type of fuzzy

foldings of n-dimensional fuzzy manifold F" . Then,
we have the following chains
Fr—= >F"—= 5>F," -
= n m .l = n-1
JE = F
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If n-1 2 lfln -1 2 lfzn—l N
- lim & - >
F 1nfl i —>o0 F n-2
N — >
Fr— S F' —% > F'—>
- lim &" o
Fn 1 i—>oo 3 F

The end of the limits of fuzzy folding coincides with
the zero-dimensional fuzzy manifold .Thus, it is a
fuzzy point and the fuzzy fundamental group of a
fuzzy point is the fuzzy identity group.

Theorem 8. The fuzzy fundamental group of the
minimal fuzzy retraction of the n-dimensional fuzzy

manifold F" homeomorphic to M " is the fuzzy
identity group.
Proof. Let F; :{F" —(B)}—F"™ be the fuzzy
retractions map. Then, we have the following chains
{F"-B)}——AF"-(B)}——
{F' -BM)}—.{F."-(B.)}

lim - - N I
L)Fn—l’{lz n—l_(Bjn—l)} 5
{F" =B "R -(B, )}~

. N lim & . N

{F -2 F" L {F - (B))}
— R - (B} —{F - (B} > ...

- - im " ~
{anll — (Bifl)}'ﬁ—‘”> F°.
Thus the minimal fuzzy retractions of the n-

dimensional fuzzy manifold F" coincide with the
zero-dimensional fuzzy space which is the limit of
fuzzy retractions. Thus, it is a fuzzy point and the
fundamental group of a fuzzy point is the fuzzy
identity group.

Theorem 9. Let S7 < M * be a fuzzy deformation

retract of M * and F:M *—>M * be a regular

fuzzy folding, then FoDR=DR-F and
m(FM)=r(FEicM ).

Proof. Let the fuzzy deformation retract of M “be

defined as

&M =l ->M “~{a}),

fo o2 (1S L 52
é‘(m,C)—(HC){(l_iSln(1 £ —) oS

—ir(n)
i s)ime(n)) o S‘”(1_Sir2(7,))
(—'f(ns)gsmﬁ(n)) 1—1| (—?rz(n))’ |
13‘; (2L (_Sif(n)),o,

(L) cos (_.r() J_

Dol
(m){ -sin(_— ()) G I)

os(; cM*

—|r() 1 ,/

and as a fuzzy deformation retract of M *.

Now consider the fuzzy folding be defined as
F:M*5>M*F:(S;cM*)—>S2cM*

,such as If()(l,)(z,)fs,)Q) = (|X~1|’|X~2|’|X~3|’|X~4|)’

F{ sl 2 YL R YL
-ir(y) 1= () 1-p-1

St S ks S ] s,

{L—i Sln(1—ir(;7)) & (1—i )Cos(l—ir(n)) "1—\/p -1

Therefore F:o Ij.F\; = Ij.R; o If

and 7, (F(M*)) = 7,(F(SZcM %) .
Applications

(i) There are many applications to the density
functions. In the field of medicine, for instance, we
find that the patient who suffers from cancer which
leads to many other sub-diseases, in the heart, kidney,
blood, prostat, skin and nearly in all organs. That, who
is attacked by the hepatitic virus C , in his body
suffers from many symptoms as a result of his liver
troubles. Also, in the field of medicine, the duzzeling
of the eyes.... The eye can see fish in the air and some
real figures in the air if the person concerned is un will,
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the phenomen represented by some one of the matrices
gl ) go ,92 where gl inside the cone, gO on
the come, ( 5 is outside the cone.

Mathematically, these factors and
symptoms are expressed by the density functions
where

(C(A Ao yeeshpy )y g s 12 4ol )y i1 €[0,1]

. H2,U3 ...l €[-1,1] the effective functions

[12].

(if) The geometric metric function represents real
phenomena if the metric is a Riemannian metric, but
in the case of a pseudo-Riemannian metric it will be
applied in phenomena which are not real like the
complex potential function and complex radiation[6-
9].

(iii)- The Ritz variational method [1,11] during the

calculation of the ground — state energy in a fuzzy
framework. Consider a Hamilton H, and an arbitrary

square function W , so that

<T/T> — 1 . Considering ¥ as a

fuzzy function and the ranking system as defined in
[1,11], similar to [1,11] it can be shown that

integrable

<l///H /l//> is a fuzzy upper bound on EO
(ground-stat energy). Now <l/// H /l//> should be
minimizing the distance between EO and respect to a
number of parameters (0!1,0(2,...). This can be

done by minimizing distance between EO

<l/// H /l//> . The rest of the discussion is the same

as that provided in [1,11].

Conclusion
In this paper the relations between fuzzy folding, fuzzy
retraction, fuzzy deformation retract and fuzzy

fundamental groups of M * are deduced. The

connection between the limits of the fuzzy foldings
and the fuzzy fundamental groups are obtained. Some
applications are presented.
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