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Abstract:

Consider the dif ferential equation
~Y'+q()Y = 2*Y,x € (—o0, —0) €y
whti the conditions
Y(a+0) =Y(a-0), | |
Y@+0)=Y(a-0)=28Y(a), 3)
where B,a € (—w,+o),B # 0,Ais a complex parameter ,q(x) is a
real — valued function and satisfies the condition

4+
f 1+ |xDlgx)|dx < +oo. 4
We can understand problem(1) — (3) as one of the treatments of the equation
Y "+ p(x)Y + q(x)Y = 12Y, —0 < x < +o, (5)

Whenp(x) = B6(x - a).

When the function p(x)is suf ficiently smoothe, the
functions p(x)and q(x)are real — valued and decrease quite rapidly, the inverse
scattering problem for equation (5)is completely solved in the papers
[1] - [4].
In order to solve such a problem in the case p(x) = B6(x — a), in the present
report we prove the existence of Jost type solutions for problen(1) — (3)
and investigate their properties.
The functions e (x, V)satisfying equayion (1), conditions (1) — (3)and the
condition at infinity

lim

I _l_ooei(x,/l).eiux =1, (6+)

Are called the Jost solutions.
It is easy to show that ifq(x) = 0, the functions

eim‘x , ix > ia:
+ = ] J
et (x,A) = (1 + f) otide _ B rica- +x < +a
2 2 T

are the Jost solutions.
ntrodunce the following denotation:

c=1+Blor@ =+ [ dawld,

The basic result of the paper is the following

Theorem: Let the real - valued function q(x) satisfy condition (4).There for all
A, there exist Jost solutions et(x,1)of(1) — (3)fro, the upper half

—plane, they are unique and represented in the form

+oo
ef(x, 1) = ef(x,1) if K*(x, Vetittdt, (74)

x
where for each fixed x # a the kernel K*(x,.)(K~(x,.))belongs to the space
L, (x,+0)(L,(—w,x)) and the estimations
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+o0
if |K*(x,t)| dt < eP1@® — 1. (84)
X

Are fulfilled. Futhermore

+ 1 o
K_(x’x) = izf Q(f)df, ix > ia,

1 B\ [£*
Kt(x,x) = iz(l +§)L q(&)dé, +x < +a, (91)

Kt(x,2a—x+0)—K*(x,2a—x—0) =
=£Ux q(s‘)ds‘—fa q(€)d€}, tx < ta.
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1. Introduction
Remark .When no discontinuity condition exists ,i.e.when in condtion (3)
B = 0,the represenation of the Jost solution for Sturm — liouville equation is
first obtained in the paper [5](see also[6]).Such problem for the equation
—-UY"+ q(x)Y = Ap(x)Y,when p(x)is a piecewise — constant real function
is solved in the paper|7].
Theorems proof . Having rewitten equation (1)in the from
Y"+ 2%Y = q(x)Y and assuming the right hand side be known, for funding
the solution e (x,1) of this equation we can apply the arbitrary constants varition
method As a result ,we get the integral equation

+o0
et(x, ) =ef(x,1) +f So(t, 2, g(®)e™ (¢, A)dt, (10)
X
Where
sinA(t — x)
-1 t>x>aora>t>zx,
So(t, #,4) = sinA(t —x) B cosA(t —x) — cosA(t — 2a + x) aDn
- -7 /1 t>a>x
It is easy to show that the solution e* (x,A)of integral equation(10)is the Jost
solution of problem (1) — (3), (6,). Well look for the solution of equation (10)in
the form (7,)In order such kind function satisfy equation(10), the equality.
+o0
4+
f K*(x,t)eitdt = f So(t, 2, Dq(t)es (t, A)dt +
p X
+o0
4+ )
+f So(t, 2, )q(t) f K*(t,s)e*sdsdt, (12)
X

t
should be fulfilled . And vice — versa,if K*(x,t) satisfies this equality for all
A(ImA = 0),
The functione™ (x, 1)is the Jost solution of problem (1) — (3), (6.).
Transform each term in the right side of (12)so that they have the form of the
Fourier transform of some functions.
At first we consider the first term.It x < a,we have
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fMSo(t x, g (t)ed (t,A)dt =

=La5in/1(;—xx) ® [(Hf)em_%em(m_t)] dt +

+f [smﬂ(t —x) g cosA(t — x) — 005/1(’5 —2a+x) q(t)ettdr =

= 1+§)[ ( fﬂ_xe”‘fdf>q(t)dt——f ( fZa—x emd6>q(t)dt+
+ f " f ( f Zt_xeiﬂfdf)q(t)dt— f (E f Zix e“fdf>q(t)dt+

: 400 1 2a—x )
+§L (EL e”‘%f)q(t)dt.

Changing the integration order and then in the obtained equality changing the
denotation for integration variables ,we get (for x < a)

[ sotnnawescenae=5(1+) | (f q(f)df) .

2 +x

i 2a—x a 1 2a-x +o0 )
_ﬁx (L”a tq(f)d{) Mtd,t+§fx (L q(f)d{)e"“dt+

+2a—x

ol (o)t [ oo

+2a—x

. +o0 th2a-x P 2a-x +o0
- f_ (s Jevtar+ 5 [ (f q(f)df)ef“dt=

2a-x

= %Lm (ﬁmeué df) etdt + %f:a_x f;q(g)df - qu(g)df Mgt —

+x x+2a—-t
2

t+2a—x

ip [ z it
s o fHTx q(&)d¢ | e tdt.
Forx > a we behave in the similar way and have

fwkdtxzmak aAMt—fwﬁmﬂ%lﬂqak“%tz

(13)

_ f w(% f Zt_xemds)q(t)dt:% f M( .. fq(adf) dtdr. (14)

Now ,transform the second term form the right hand side of relation(12).For
x < awe have

[ sutem 000 [k rmettiauas -

= TR0 | k@ wetauas -

A — A 2
_gL cos (f x) CAOS (5 a+x) (f)f K+ f u)el'ludUdf_

= % L q(®) L K*(&u) { L :i:ue“t dt} dudé§ —
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iﬁ +o0 +o0 E—x+u )
—x & K¢ ){ ‘“dt}d d¢ +
L u L e u

q
4 a —-2a+x+u
lﬁ +o0 +o0 2a—x+u—¢§ )
2 e Kew { | e‘“dt} dudg.
a '3 x

+u—¢§
Contiuing the function K*(&§,u)by a zero foru < &, for all t = x we find

f;w K*(¢,w) {ff_ﬂu emdt} du = f_JrD:OK"(g‘, w) {ff_xw emdt} du

x+u—¢§ x+u—-¢§

+o0 t+&-x &% t+é—x
=f (f K+(E,u)du>e”‘5df=f (f K%{,u)du)e”tdt, (15)
-0 t—&+x x t—+x

t+&—x
f K*(&,w)du = 0.
t—&+x

Behaving in the same way , for all t > a we have

+o0 E—x+u ) +o0 E—x+u )
f K*(&,u) {f e‘“dt} du = f {f e‘“dt} K*(&,u)du =
§ §-2a+x+u —o0 §-2a+x+u

+o0 t—¢+2a—x +o0 t—¢+2a—x
=f {f K%E,u)du}e”tdt:f {f K+(E,u)du}emdt, (16)
—© t x t

—&+x —$+x

+o0 2a—-x+u—-¢§ ) +00 2a-x+u—<¢§ )
f K*(&u) {f e‘“dt}du = f {f e‘ﬂtdt}](’r({,u)du =
¢ x+u—§ -0 \Wr+u—§

+0o0 t—x+¢§ ) +o0 t—x+¢§ )
= f {f K%{,u)du}e‘“dt = f {f K+(E,u)du}emdt, 17
) t—2a+x+¢§ x t—2a+x+§

Here ,we used the fact that fort <=x

t+2a-x-& t—x+¢&
f K*(&,wdu=0, f K*(¢,u)du = 0.
x+t—¢ t-2a+x+¢§

If follows from formulae (13) — (17) that equality (12) is fulfilled if
thefunction K*(x,t) satisfes the equation

1 +o0 t+§—x
K0 =K @o+y [ a© ] K (gwauds -

Since fort < x

2

t—&+x
iﬁ +oo t-¢+2a-x
~2H@ [ a® K*(€,w)dud§ +
4 a t—-&+x
iﬁ +o0 t—x+§
__HJ'(x)f a($) K*(&w)dudg, (18)
4 a t-2a+x+&
Where
Lx<a
+ — ’ ]
H (x)_{O, x> aq,
e = [ ocorgs B
K (x,t) = Efﬂ_x q(s)ds _ZH(x) X
( t+2a—x
| 2 +o0
{LH{H q(s)ds — ﬁ%t q(s)ds, zx<t<2a-ux, )
t+2a—x

1
I 2 _
k - q(s)ds, 2a—x <t <.
2
Thus ,in order to complete the proof of existence of the solution e*(x, 1)
it is enough to show that for each fixed x € (—x,a) U (a, +) equation

(18)has the solution K*(x,0) € L,(x, +o)satisfying inequality (8,)and
condition(9,). Assume

52



Report and Opinion 2021;13(5) http://www.sciencepub.net/report |§0;|

1 +o0 t+&—x
Kiwo=3] a® ] KiaEwds -
x t-§+x

; +o0 t—¢{+2a—x +o0 t—x+¢§
—fH(x){ [ a® K1 (6, w)dudg — - a® K;_l(au)dudf},n

t—-&+x t-2a+&+x
=12,.., (20)
WhereK{ (x,t)is determined by formula (19).

+ Cn+10.n+1x
f K G, )t < S0 )
X

(n+ 1) @D

+o0

Whence , it will follow that the series K*(x,0) = Z K} (x,.)converges in
n=0

the space L, (x, +),its sum K* (x, t)is a solution of integral equation (18)

and satisfies estimation (8..).

It follows from the definition of K,} (x,t)(see formula20)that
t+&—x

K+, D)l < c f 14| Kt (&,0) | duds,

t—-&+x
Consequently,

Jamshidipourahmad

| wi@wouese [ qel L Kt (G owldude.  (22)

Now , for establishing inequality (21), apply the mathematical induction method.
For n = 0 use (19), change the integration order and have

f |K (x, t)|dt < (s‘—x)lq(s‘)ld€+@H(x)f(s‘—x)lq(s‘)ld€+
+f _(Za—x—€)lq(€)ld€+f(E—x)lq(f)ld€+f (@ - D)lq(®ldé +
+f _(€—a)lq(s‘)ld€+f @-Dla@lde= [ - 2)lq(@©ldé +

+ﬁH(x){ | €- @+ | (a—x)lq(f)uf}s c[ dla©lag = cora
Thus, estimation (21) is true for n = 2 and if it true for ||K; (x,.)l,, x +) then

Using inequality (22) ,we have
n+10.1n+1(§) Cn+20.1n+2 (f)

| taGouese | sl 0P =0

Validity of relations(9)follows directly from (18) — (19)Form the integral
Equation

e (x,A) =ey(x, 1) + foo(x, t,A)qt)e™(t,)dt,

—00
the proot of the theorem statement related with the solution e (t, ) is carried out
In the similar way , Here we notice only the integral equation for the kernel

1 (* t—-&+x
K= 0) = Ky (e, 0) 5 f «© [ k- wduds -
—0 t—x+§
: a t—-&+x
—%H-(x){f © K~ (&, w)dudé —
—0 t—2a+x+§
a t—x+2a-¢
[fao [ 7 k@ wanar]
—o0 t—x+

where
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( tx
1 (i 8 | ﬁ_;zaq(s‘)d& —0 < t < 2a,—%
2 l
Ko+ [ T a©@de-TH @] e »
- 2
{ e 1O~ [ " a@©ag, 20-x<t<x
tzt20 .
_ (1, x>a,
H™(x) = {O, x <a.

The theorem is proved.
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