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Abstract: To improve the road handling and passenger comfort of a vehicle, a suspension system is provided. An active suspension system is considered to be better than the passive suspension system. In this paper, 2 degrees of freedom of a linear quarter car active suspension system is designed, which is subject to different disturbances on the road. Since the parametric uncertainty in the spring, the shock absorber, mass and the actuator has been considered, robust control is used. In this paper, H ∞ and µ- synthesis controllers are used to improve the driving comfort and the ability to drive the car on the road. For the analysis of the time domain, using a MATLAB script program and performed a test using four disturbance inputs of the road (bump, random, sinusoidal and harmonic) for the suspension deflection, the acceleration of the body and the body travel for the active suspension with the H ∞ controller and active suspension with µ- synthesis controller and the comparative simulation and reference results demonstrate the effectiveness of the presented active suspension system with µ- synthesis controller.
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1 Introduction
At present, the world's leading automotive companies and research institutions have invested considerable human and material resources to develop a cost-effective vehicle suspension system, in order to be widely used in the vehicle. The main aim of suspension system is to isolate a vehicle body from road irregularities in order to maximize passenger ride comfort and retain continuous road wheel contact in order to provide road holding. Many studies have shown that the vibrations caused by irregular road surfaces have an energy-draining effect on drivers, affecting their physical and mental health [1]. Demands for better ride comfort and controllability of road vehicles like passenger cars has motivated to develop new type of suspension systems like active and semi active suspension systems. These electronically controlled suspension systems can potentially improve the ride comfort as well as the road handling of the vehicle. An active suspension system has the capability to adjust itself continuously to changing road conditions. By changing its character to respond to varying road conditions, active suspension offers superior handling, road feel, responsiveness and safety.
An active suspension system has the ability to continuously adjust to changing road conditions. By changing its character to respond to different road conditions, the active suspension offers superior handling, road feel, responsiveness and safety.
Active suspension systems dynamically respond to changes in the road profile because of their ability to supply energy that can be used to produce relative motion between the body and wheel. Typically, the active suspension systems include sensors to measure suspension variables such as body velocity, suspension displacement, and wheel velocity and wheel and body acceleration. An active suspension is one in which the passive components are augmented by actuators that supply additional forces. These additional forces are determined by a feedback control law using data from sensors attached to the vehicle.
The existing active suspension system is inefficient if there are changes in parameter of the system or of actuator, then controlling the suspension system becomes a big problem. Therefore H∞ and μ - synthesis control technique are used. H ∞ and μ - synthesis control effectively suppresses the vehicle vibrations in the sensitive frequency range of the human body. The desired robust performance and robust stability are achieved in the closed loop system for a quarter vehicle model in the presence of structured uncertainties. 

2 Mathematical Models
2.1 Active Suspension System Mathematical Model


Figure 1: Quarter model of active suspension system with actuating force f s between sprung and unsprung mass.

The mathematical model of the following subsection are only discussing the amount of force created by the active suspension. Active suspensions allow the designer to balance these objectives using hydraulic actuator which is driven by a motor between the chassis and wheel assembly. The actuator forcef s applied between the body and wheel assembly is represents the active component of the suspension system.
Most of the researchers choose to utility quarter vehicle dynamic shock model when they hubs on the vehicle body vertical vibration caused by the capacity of pavement roughness. Although quarter vehicle dynamic vibration configuration has not included the entire vehicle geometrical information, and it cannot research the vehicle pitching angle shock and roll angle vibration.
Figure 1 shows a vehicle quarter model of active suspension system. The mass m 1 (in kilograms) represents the car chassis (body) and the mass m 2 (in kilograms) represents the wheel assembly. The spring K 1 and damper D represent the passive spring and shock absorber placed between the car body and the wheel assembly. The spring K 2 models the compressibility of the pneumatic tire. The variables x 0, x b and x i (all in meters) are the body travel, wheel travel, and road disturbance, respectively. The actuator force f s (in kilo Newtons) applied between the body and wheel assembly is controlled by feedback and represents the active component of the suspension system.
From this model, we can analyze the vehicle suspension system dynamics as a linear system model and establish two degrees of freedom motion differential equations will be as follow:
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 We can set:




The system state space equation can be express as:


In this equation, state variable matrixes are:




Constant matrixes A and B are shown as below:






The system input variable matrix will be:


The vehicle suspension system output matrix equation will be:


In above equation, the output variable matrix Y will be:


Y will also express as the following equation:


Constant matrixes C and D will be shown as below:






2.2 Hydraulic Actuator System Mathematical Model
The hydraulic actuator consists of a variable stroke hydraulic pump and a fixed stroke hydraulic motor as shown in the below Figure 2. The device accepts a linear displacement (stroke length) input and delivers an angular displacement. The pump and motor attached with the wheel assembly and this arrangement attached with the car chassis through a metal chain. When a sudden road disturbance displacement enters to the pump, high pressure oil will enter to the motor and the motor control the displacement between the wheel assembly and the car chassis.


Figure 2: Hydraulic actuator block diagram

The hydraulic motor is controlled by the amount of oil delivered by the pump. By mechanically changing the pump stroke, the oil delivered by the pump is controlled. Like in a DC generator and dc motor, there is no essential difference between hydraulic pump and motor. In a pump the input is mechanical power and output is hydraulic power and in a motor, it is vice versa.
Let
qp Rate at which the oil flows from the pump
qm Oil flow rate through the motor q Leakage flow rate
qc Compressibility flow rate x Input stroke length θ Output angular displacement of motor P Pressure drop across motor.

The rate at which the oil flow from the pump is proportional to stroke speed, i.e. .
Oil flow rate from-the pump,


Where
Kp = Ratio of rate of oil flow to unit stroke angle.

The rate of oil flow through the motor is proportional to motor speed, i.e. .
Oil flow rate through motor,


Where
Km = Motor displacement constant.
All the oil from the pump does not flow through the motor in the proper channels. Due to back pressure in the motor, a slices of the shape flow from the pump leaks back past the pistons of motor and pump. The back pressure is the importance that is built up by the hydraulic flow to overcome the hostility of free movement offered by load on motor shaft.
It is usually assumed that the leakage flow is proportional to motor pressure, i.e. qi ∝ P.
Leakage flow rate,


Where
Ki = constant.

The back pressure built up by the motor not only causes leakage flow in the motor and pump but oil in the lines to compress. Volume compressibility flow is essentially proportional to pressure and therefore the tariff of flow is proportional to the rate of innovations of pressure, i.e. 
Compressibility flow rate,


Where
Kc = Coefficient of compressibility.
The rate at which the oil flows from the pump is given by sum of oil flow tariff through the motor, leak flow rate and compressibility flow rate.


Substituting eqn. (3), (4), (5) and (6) from above equations, we get


The torque Tm developed by the motor is proportional to pressure drop and balances load torque.
Hydraulic motor torque,
Tm = Kt P (8)
Where
Kt is motor torque constant.
If the load is assumed to consist of moment of inertia J and viscous friction with coefficient B,
Then
Load Torque


Hydraulic power input
= qmP (10)
Substituting eqn. (4) into eqn. (10), we get


Substituting eqn. (8) into eqn. (12), we get


If hydraulic motor losses are neglected or included as a part of load, then the hydraulic motor input is equal to mechanical power output of hydraulic motor.



From equation (14), it is clear that.
Hence we can write



Since the motor torque equals load torque, T m = T l




Differentiating equation (16) w.r.t time, we get


Substituting for P and dP/dt to eqn. (7), we get,


Taking Laplace transform with zero initial conditions, we get,



In hydraulic systems, normally, therefore, Put K c =0 in above equation.


Where


Where


The value of K and τ is
K=1 and τ = 1 50
The transfer function of the hydraulic actuator is



3 Road Profiles
3.1 Bump Road Disturbance


Figure 3: Bump road disturbance

Bump road disturbance is a basic input to research the suspension system. It simulated a very intense force for a very short time, such as a vehicle drive through a speed hump. This road disturbance has a maximum height of 5 cm as shown in Figure 3.
3.2 Random Road Disturbance
Numerous researches shows that it is necessary to test a car to a random road disturbance to check the spring and damper respond quickly and correctly. The random road disturbance has a maximum height of 15 cm and minimum height of -15 cm as shown in Figure 4.


Figure 4: Random road disturbance

3.3 Sine Pavement Road Disturbance
Sine wave input signal can be used to simulate periodic pavement fluctuations. It can test the vehicle suspension system elastic resilience ability while the car experiences a periodic wave pavement. Sine input pavement test is made by every automotive industries before a new vehicle drives on road. The sine pavement road disturbance has a hieght of -10 cm to 10 cm as shown in Figure 5.


Figure 5: Sine pavement road disturbance


3.4 Harmonic Road Disturbance
Numerous researches show that when the vehicle speed is constant, harmonic road profile may be usually used in the simulation to verify the stability and capability of the designed control system, besides the system response status. The harmonic road disturbance model is shown in Figure 6 with a maximum height of 5cm and a minimum height of -5cm.


Figure 6: Harmonic road disturbance

4 Weighting Functions
It is required that in the H ∞ framework to use weighting functions to reconciliation different performance objectives. The performance goal of a feedback system can be usually determined in terms of requirements on the sensitivity functions and/or complementary sensitivity functions or in terms of some other closed loop transfer functions. The odds of occupying weighted performance in multivariable system design is firstly, some part of a vector signal are usually more important than others, secondly, measuring each signal will not be in the same unit. For instance, some part of the output error signal may be measured in terms of length, and others may be measured in terms of voltage. Therefore, weighting functions play an essential rule to type these part comparable. The weighting functions are discussed below.
The weighting function W act is used to limit the magnitude and frequency content of the active control force signal. Choosing.


W x1 and W x1-x3 are used to keep the car deflection and the suspension deflection small over the desired range. The car body deflection W x1 is given as


The suspension deflection is used via weighting function W x1-x3. The weighting function is given as



5. The Proposed Controller Design
The design of active suspension system to provide passenger comfort and road handling is developed using H ∞ and μ - synthesis controllers design. In the active suspension system, the proposed controllers design included the hydraulic actuator dynamics. In order to account for the difference between the actuator model and the actual actuator dynamics, a first order model of the actuator dynamics as well as an uncertainty model have been used. The main aim of the controller design is to minimize suspension deflection, body acceleration and body travel of the system. Synthesis method is used to design the proposed controllers by achieving the performance objective via minimizing the weighted transfer function norm. The active suspension system with H ∞ and μ - synthesis controllers with hydraulic motor actuator system interconnections block diagram is shown in Figure 7.


Figure 7: Active suspension system with H ∞ and μ - synthesis controllers system interconnections block diagram

In Figure 7 plant represents the quarter car suspension model, H ∞ controller is a controller which is designed by H ∞ approach. e 1, e 2 and e 3 are the first, second and third outputs after influencing weighting functions. A μ -synthesis controller is synthesized using D-K iteration. The D-K iteration method is an approximation to synthesis that attempts to synthesize the controller. There is two control input the road disturbance signal and the active control force. There are three measurement output signals, the suspension deflection, car body acceleration and car body travel. The pulse generator switches between the two systems in μ seconds. In practice, the suspension deflection can be measured by acoustic or radar transmitter/receiver, while the velocity is typically obtained by integrating the acceleration which is measured using accelerometer.
There are two purposes for the weighted functions norm: for a given norm, there will be a direct comparison for different performance objectives and they are used for knowing the frequency information incorporated into the analysis. The output or feedback signal y is


The controller’s acts on the y signal to produce the active control force signal. The W n block modelled the sensor noise in the channel. W n is given a sensor noise of 0.05m.


W n is used to model the noise of the displacement sensor. The magnitude of the road disturbance is scaled using the weight W ref. Let us assume the maximum road disturbance is 0.1m which means



6 Result and Discussion
To ensure that our controller design achieves the desired objective, the closed loop active suspension system is simulated with the following parameter values as shown in Table 1.

Table 1: Parameters of quarter vehicle model
	Model parameters
	symbol
	symbol Values

	Vehicle body mass
	m 1
	300 Kg

	Wheel assembly mass
	m 2
	40 Kg

	Suspension stiffness
	k 1
	15,000 N/m

	Tyre stiffness
	k 2
	150,000 N/m

	Suspension damping
	D
	1000 N-s/m



6.1 Active Suspension System Control Targets Simulation Output Specifications
Each active suspension system control targets (body travel, body acceleration and suspension deflection) has its own output specifications while the vehicle in motion.
The body travel output should be the minimum vertical amplitude because the passenger must not feel the road disturbance while the vehicle in motion. In an ideal suspension system, the body travel vertical amplitude is zero.
The body acceleration output should be the minimum vertical acceleration because the passenger must not feel the sudden vertical acceleration while the vehicle hits the road disturbance. In an ideal suspension system, the vertical velocity is constant.
The suspension deflection output should be the same as the road disturbance input because if it is above or below the road disturbance input, it will affect the body travel output.
6.2 Time Domain Comparison of the Active Suspension System with H ∞ and μ - synthesis Controllers
In this subsection, we simulate the active suspension system with H ∞ controller and active suspension system with μ - synthesis controller for suspension deflection, body acceleration and body travel using bump, random, sine pavement and harmonic road disturbances.
6.2.1 Simulation of a Bump Road Disturbance
The simulation for a bump input road disturbance is shown below. In this simulation, we simulate active suspension system with H ∞ controller and active suspension system with μ - synthesis controller for suspension deflection, body acceleration and body travel.


Figure 8: Body travel for bump road disturbance


Figure 9: Body acceleration for bump road disturbance



Figure 10: Suspension deflection for bump road disturbance

The body travel, body acceleration and suspension deflection simulation output is shown in Figure 8, Figure 9 and Figure 10 respectively for a bump road disturbance.

6.2.2 Simulation of a Random Road Disturbance
The simulation for a random input road disturbance is shown below. In this simulation, we simulate active suspension system with H ∞ controller and active suspension system with μ - synthesis controller for suspension deflection, body acceleration and body travel.
The body travel, body acceleration and suspension deflection simulation output is shown in Figure 11, Figure 12 and Figure 13 respectively for a random road disturbance.


Figure 11: Body travel for random road disturbance






Figure 12: Body acceleration for random road disturbance


Figure 13: Suspension deflection for random road disturbance

6.2.3 Simulation of a Sine Pavement Input Road Disturbance


Figure 14: Body travel for sine input pavement road disturbance



Figure 15: Body acceleration for sine input pavement road disturbance



Figure 16: Suspension deflection for sine input pavement road disturbance

The simulation for a sine pavement input road disturbance is shown below. In this simulation, we simulate active suspension system with H ∞controller and active suspension system with μ - synthesis controller for suspension deflection, body acceleration and body travel.
The body travel, body acceleration and suspension deflection simulation output is shown in Figure 14, Figure 15 and Figure 16 respectively for a sine pavement road disturbance.

6.2.4 Simulation of a Harmonic Road Disturbance
The simulation for a harmonic input road disturbance is shown below. In this simulation, we simulate active suspension system with H ∞ controller and active suspension system with μ - synthesis controller for suspension deflection, body acceleration and body travel.
The body travel, body acceleration and suspension deflection simulation output is shown in Figure 17, Figure 18 and Figure 19 respectively for a harmonic road disturbance.


Figure 17: Body travel for harmonic road disturbance


Figure 18: Body acceleration for harmonic road disturbance


Figure 19: Suspension deflection for harmonic road disturbance



6.3 Frequency Domain Comparison of the Active Suspension System with H ∞ and μ - synthesis Controllers
The frequency domain analysis of the active suspension system with H ∞ controller and active suspension system with μ - synthesis controller to body travel, body acceleration and suspension deflection is presented below.

6.3.1 Body Travel
The bode plot comparison of the active suspension system with H ∞ controller and active suspension system with μ - synthesis controller for body travel is shown in Figure 20 bellow.


Figure 20: Bode plot of body travel

6.3.2 Body Acceleration
The bode plot comparison of the active suspension system with H ∞ controller and active suspension system with μ - synthesis controller for body acceleration is shown in Figure 21 bellow.


Figure 21: Bode plot of body acceleration


6.3.3 Suspension Deflection
[bookmark: _GoBack]The bode plot of the active suspension system with H ∞ controller and active suspension system with μ - synthesis controller for suspension deflection is shown in Figure 22 bellow.


Figure 22: Bode plot of Suspension deflection

6.4 Frequency Domain Comparison Result of Active Suspension System with H ∞ and μ - synthesis Controllers
While in motion, human body is more prone to the possessions of shock in the frequency cord of 10–20 Hz. Figures 23, Figure 24 and Figure 25 shows the frequency feedback plot of suspension deflection, body acceleration and body travel of robust H-infinity and robust Mu-synthesis technique. From the result, it is evident that there exist two natural frequency which can be classified as lower frequency and higher frequency. At higher frequency, the active controller with mu-synthesis controller shows a good response, whereas, at lower frequency, both the active controller with H infinity and mu-synthesis controllers is more effective is suppressing the vibration. Comparing all the results, it is clear that at higher frequency, the active controller with mu-synthesis controller shows a good response and both H infinity and mu-synthesis controller has best performance in controlling the shock at low frequency region.

6.5 Numerical Values of the Simulation Outputs
The numerical values of the simulation output for the control targets body travel, body acceleration and suspension deflection for the four road disturbances is shown in Table 2, Table 3 and Table 4 bellow.




Table 2: Numerical values of the body travel simulation output
	No
	Systems
	Bump
	Random
	Sine
	Harmonic

	1
	Road Profile
	0.05m
	0.15m
	0.1m
	0.05m

	2
	H ∞
	0.049m
	0.09m
	0.01m
	0.055m

	3
	μ - synthesis
	0.013m
	0.01m
	0.01m
	0.011m





Table 2 shows us the active suspension system with μ - synthesis controller have the minimum body travel amplitude in the random road disturbance and the active suspension system with μ - synthesis controller shows the best performance in the random road profile.



Table 3. Numerical values of the body acceleration simulation output
	No
	Systems
	Bump
	Random
	Sine
	Harmonic

	1
	Road Profile
	1 m/ s 2
	5 m/ s 2
	2 m/ s 2
	1 m/ s 2

	2
	H ∞
	10 m/ s 2
	80 m/ s 2
	45 m/ s 2
	16 m/ s 2

	3
	μ - synthesis
	4 m/ s 2
	20 m/ s 2
	18 m/ s 2
	3 m/ s 2

	8
	H ∞ Loop Shaping
	5.5 m/ s 2
	40 m/ s 2
	30 m/ s 2
	15 m/ s 2







Table 3 shows us the active suspension system with μ - synthesis controller have the minimum body acceleration amplitude in the harmonic road disturbance and the active suspension system with μ - synthesis controller shows the best performance in the harmonic road profile.




Table 4. Numerical values of the suspension deflection simulation output
	No
	Systems
	Bump
	Random
	Sine
	Harmonic

	1
	Road Profile
	0.05m
	0.14m
	0.1m
	0.05m

	2
	H ∞
	0.022m
	0.05m
	0.1m
	0.03m

	3
	μ - synthesis
	0.05m
	0.14m
	0.1m
	0.05m





Table 4 shows us the active suspension system with μ - synthesis controller have the suspension deflection amplitude the same as the road disturbance input in all the four road disturbances and the active suspension system with μ - synthesis controller shows the best performance in all the four road disturbances.

7. Conclusion
In this paper, H ∞ controller and μ - synthesis controllers are successfully designed using MATLAB/Script for quarter car active suspension system. The design of a MATLAB script that represents the active suspension system with H ∞ controller and μ - synthesis controller have been done and tasted with bump, sine input pavement, random and harmonic road disturbances for body travel, body acceleration and suspension deflection. The comparison of the time and frequency domain of the active suspension system with H ∞ controller and μ - synthesis controller for the body travel, body acceleration and suspension deflection have been analyzed.
In the time domain analysis, we have tested the two systems with bump, sine input pavement, harmonic and random road disturbances and the comparative simulation and reference results prove the effectiveness of the presented active suspension with μ - synthesis controller.
In the frequency domain analysis, the results shows that at higher frequency, the active suspension system with μ - synthesis controller shows a good response and at low frequency region, both the active suspension system with H ∞ controller and the active suspension system with μ - synthesis controller has best performance in controlling the vibration.
Finally the comparative simulation and reference results prove the effectiveness of the presented active suspension with μ - synthesis controller and it achieves the passenger comfort and road handling criteria that needed to make the active suspension system is the best suspension system.
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